THE DERIVED MCKAY CORRESPONDENCE IN DIMENSION 2

DYLAN SPENCE

ABSTRACT. We discuss the proof of the McKay correspondence in dimension two
for the affine plane. Along the way, we discuss the various background material
involved in the proof, and provide a fairly complete discussion of the derived category
of coherent sheaves in the presence of an action by a finite group. An extensive
bibliography and dicussion of the literature is also included throughout the paper.
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1. INTRODUCTION

The McKay correspondence, named after John McKay, is a bijection between finite
subgroups of SL(2,C) and the extended Dynkin diagrams appearing in the ADE clas-
sification. For such a finite group G, the McKay quiver or McKay graph associated
to the tautological action of G on C? is the quiver whose vertices correspond to the

irreducible representations p; of G and which has a;; € Z>( edges between the ¢th and
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the jth vertex, where the coefficients satisfy:
C*® pi = ©jayp;.

A more geometric realization is to form the quotient C*/G as a variety (or orbifold).
We end up with a surface C?/G, and since the group acts freely away from the origin,
this surface has a single singularity. In honor of Klein who discovered them [29],
singularities which are (locally) isomorphic to those obtained by the quotient C?/G
are called Kleinian singularities. If we then proceed to obtain a nonsingular minimal
model, by blowing-up or otherwise, the pre-image of the singular point is a tree of
rational curves. This tree has a certain intersection graph, and this graph is precisely
a McKay quiver we described above. That they agree and turn out to be the extended
Dynkin diagrams in the ADE classification is the miracle here, and this whole circle of
ideas is referred to (loosely) as the McKay correspondence.

A different formulation, called the geometric McKay correspondence, was formulated
by Gonzalez-Sprinberg and Verdier in 1983 [17]. Roughly speaking, the key idea is to
notice that on U = C? \ 0, G acts freely, and so U — U/G is a principal G-bundle.
Using that a resolution of singularities is an isomorphism away from the exceptional set
E, we obtain a principal G-bundle on the complement of the of the resolution, U \ E.
One needs to do some work at this stage, but this extends to give an isomorphism

of Grothendieck groups, K(C*/G) = Kg(C?). So here the McKay correspondence
becomes an isomorphism between the equivariant K-theory of an Kleinian singularity
to the ordinary K-theory of its resolution. In particular, the isomorphism is given
explicitly as a so-called K-theoretic integral tranform, given by the composition of
morphisms

KGX1(62 X @/\G)

V2 [_]Gop2*

Kq(C?) —-mmmmmmmmemees B e > K(E/\G)

Such a composition is called a “Fourier-Mukai” transform, and has revealed itself to a
be a functor of fundamental type in many respects.

The story doesn’t end here however. The Fourier-Mukai functor was named after
Shigeru Mukai, who first recognized the functor’s importance when studying derived
categories on abelian varieties. So a natural question to ask if whether or not a Fourier-
Mukai functor gives an equivalence of derived categories. Indeed we aim to show such
an equivalence. This is the so-called derived McKay correspondence, first proven by
[27], and was later generalized by [3].

Theorem 1.1 (Derived McKay correspondence). Let G be a finite subgroup of SL(2,C),
acting on C? wia the natural action. Then there is an equivalence of triangulated cate-
gories

D'(X) = Dg(C?)
between the bounded derived category of coherent sheaves on the crepant resolution X
of C%/G, and the G-equivariant bounded derived category of coherent sheaves on C2.
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This is of course a result which essentially compares the geometry of the quotient to
the equivariant geometry of the plane, which provides some justification for the general
principle in equivariant geometry. Namely the study of equivariant things on some
object, should be the same as the study of normal things on the quotient object. The
notion of geometry here seems loose, but it has long been recognized that equipping
a space with a sheaf gives rise to genuine geometric structures, in particular incidence
structures (a 14 algebraic geometry), and hence one can regard the derived category
as a genuinely geometric object in this sense. A more insightful person then myself
might also say that this correspondence is a statement about the comparison of two
resolutions of singularities, one commutative, and the other non-commutative (in the
sense of van den Bergh), but we will not elaborate on this at this point in time'. Our
aim is to prove Theorem 1.1, and introduce the necessary tools as we go.

Let us now give a brief outline of the notes. The first section is split into three
parts. Up first is a rough sketch of the classification of the finite subgroups of SL(2, C),
following [%]. These groups were classified by Klein in [29] using a beautiful argument.
We however will follow a different route due to Dolgachev [8], which is a purely algebraic
argument, and has the benefit of working over (at least in principle) any characteristic.
From a larger perspective the two methods do not diverge so much geometrically, but
the original has the benefit of elegance. The following subsection provides a short
introduction to algebraic groups and actions on varieties, as well as the existence of a
quotient by a finite group (in the affine case). The final section forms an introduction
to representation theory, which can be skipped until the section on the equivariant
derived category, where it becomes essential.

More can be said about the surfaces C?/G however, and the following section ad-
dresses them in more detail. In 1934, du Val [1 1] characterized the Kleinian singularities
as those which are crepant, i.e., resolving them does not affect the canonical class. Such
resolutions are always minimal, in the sense that they are the “smallest” nonsingular
variety birational to the original. In the same work du Val obtained the description
of the minimal resolution as follows. The pre-image of the singular point 0 € C?/G
under the resolution map is a connected union of projective lines Fy U --- U E,., each
E; = P!, with self-intersection -2. To each curve one associates a vertex, and two such
vertices are connected by an edge if the corresponding curves intersect. The miracle is
that these intersection graphs then give the ADE Dynkin diagrams. The modern and
convenient approach is to understand these resolutions as suitable fine moduli spaces
of objects on the surface, which are in a rough sense tracking the original polyhedra
which arose as part of the classification. This allows us inordinate strength when we
define the Fourier-Mukai transform later.

While the classical story ends here, we want to go further and see the equivalence
of derived categories as in Theorem 1.1. Derived categories were first developed in the
thesis of Verdier [15]. While they have long been seen as the correct framework for
derived functors and related the homological algebra of algebraic geometry,they have
of late been recognized as an invariant of a scheme which (somewhat mysteriously)
controls much of the geometry. The next section (and the following) deal exclusively

IMaybe sometime in the future?
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with the foundations of their theory. This section and the next forms the bulk of the
note. I have tried to simultaneously make the discussion elementary and yet compre-
hensive, and I hope that I have succeeded. The related equivariant derived category is
also addressed shortly thereafter, and the final section gives a brief but thorough tour
of the theory of Fourier-Mukai transforms before moving on the proof.

2. ALGEBRAIC GROUPS AND GEOMETRIC INVARIANT THEORY

2.1. Finite Subgroups of SL(2,C). Our first goal will be to explain how the following
classical theorem comes to be. This is not, strictly speaking, integral to the rest of the
note, so the reader may skip this section if they desire. We don’t prove the following
in complete detail either, so more interested readers should see the references therein.

Theorem 2.1. Let G be a finite subgroup of SL(2,C). Then up to conjugacy, G is one
of the following:
(1) Z/nZ for some n € Zo,
(2) a binary dihedral group of order 4n,
(3) the binary tetrahedral group of order 24,
(4) the binary octahedral group of order 48, or
(5) the binary icosahedral group of order 120.

This classification was originally done by Klein, the original argument is briefly as
follows. Any finite subgroup of a matrix group is conjugate to some finite subgroup
of a unitary group, as any finite subgroup preserves some inner product on the vector
space upon which it naturally acts. Passing then to SU(2), we have at our disposal
a beautiful mathematical fact: it is the double cover of SO(3). This allows us to
think about finite subgroups of SL(2,C) as possible double covers of finite subgroups
of the isometry group of the sphere. Such finite subgroups come in only a few classes,
namely the symmetry groups of regular polyhedra, and two infinite families given by the
cyclic groups of any order and the dihedral groups. Lifting these back to the original
group, we obtain the desired classification. Note that by the dual identification of
regular polyhedra, we only need to consider the binary groups corresponding to the
tetrahedron, octahedron, and icosahedron.

While the above is certainly elegant and beautiful, we will follow roughly the first half
of a more algebraic route, due to Dolgachev [3]. This is more natural for our purposes,
and at least a priori, has the benefit of working over a field of any characteristic. We
know that GL(2,C) acts naturally on P, ie., [ty : t1] — glto : t1] = [ate + bty :
cty + dty], and if we quotient by g ~ Ag for A € C* we have the well-known fact
Aut(P') = PGL(2,C). However we can factor this into two steps, namely passing to
SL(2, C) first, then to the projective general linear group. Indeed sending g — g/ det(g)
is a map GL(2,C) — SL(2,C).

Since we are in dimension two, det(g) = det(—g), and so the map sending an element
of SL(2, C) to the automorphism of P! it determines as +15 as its kernel. This discussion
has proven the proposition below.

Proposition 2.1. The sequence
1 — Z/27 — SL(2,C) — Aut(P') — 1
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(with maps described in the proof) is exact.

So now given a finite subgroup of SL(2, C), its image is a finite automorphism group
of the projective line. Conversely, if we have a finite subgroup of SL(2,C), its order
is either even or odd. If the group is even, then it must contain an element of order
2 by Cauchy’s theorem, but the only element of order 2 in SL(2,C) is —I5. So this
subgroup arises as the preimage of a finite subgroup of Aut(P!). On the other hand,
if the order of the subgroup is odd, then it cannot contain —I5, and so this subgroup
is isomorphic to an odd order subgroup of Aut(P!). Thus we have mostly reduced the
problem to classifying subgroups of the automorphism group of P!.

Let G be a finite subgroup of Aut(P'). An element of GL(2,C) has either two one-
dimensional eigenspaces or one two-dimensional eigenspace. Indeed the only elements
g of finite order which have a two-dimensional eigenspace are those which are scalar
multiples of the identity, and hence give the identity automorphism on P!. On the
other hand, the automorphism that g determines will have two fixed points in P!
corresponding to the two one-dimensional subspaces. Keeping this in mind, set

2 ={(z,9) €P' x G~ {1}| gz =z},

and p : ¥ — P! be the projection. Now decompose p(X) = Oy U --- O, into disjoint

orbits. Since all stabilizer subgroups of points in the same orbit are conjugate, e; =

|Stabg(7)] is the same for all # € O;, so by orbit-stabilizer, |O;| = N/e;, where N = |G].
Counting the cardinality of X:

S[=2(N-1)= > (Stabg(z)| - 1) = ZZ (|Stabg(z)| — 1)

zep(X) i=1 z€0;
k k
Z O;|(|Stabg (z ”‘”ZZT'
=1 i=1 ’
Rearranging gives the equation
k
1 2
Ry S P
Z . k-2+
=1
and since we know that e; > 2, the left hand side is less then or equal to k/2, and so
k—2+42/N<k/2 = k/2—2+2/N <0.

Since the group is not trivial, 2/n < 1, and so we see that k = 2 or 3.

If k = 2, then again since e; > 2 the only solution is e; = ey = N. Since |0;| = N/e;,
all of G ﬁxes two points in P'. Call these points 2z; and 2z, and by a projective
automorphism we may assume they are 0 and co. But then in affine coordinates, any
such automorphism in G must be of the form z — az, for a® = 1 for some n. Hence
we arrive at a cyclic group of some order.

If £ = 3, then things are much more complicated. The equation

1 1 1 1 2
el * e + es + N
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poses the following Diophantine problem: yzw + zzw + xyw + zyz(w + 2) = 0. The
only solutions (in the form (eq,eq, e3, N)) are given below, along with the subgroups
(of SL(2, C)) corresponding to them. We could continue at this point, but the analysis
is tedious and not too different from the case of k = 2 above. The interested reader
can see [%] for the full details, and others are welcome to take on faith the result.

It remains however to determine the related structure of the finite subgroups G of
SL(2,C). However referring to our discussion before the analysis, we see that if G is not
a cyclic group of odd order, then |G| = 2|G/|, and so G is either a cyclic group, binary
dihedral group of order 4n, binary tetrahedral group of order 24, binary octahedral
group of order 48, or the binary icosahedron group of order 120. If G is a cyclic group
of odd order n, then it can be lifted to an isomorphic copy or to the direct product
7.)27 X Z./nZ.

Group (e1,e2,e3;N) Generators in SL(2,C)
Cyclic Z/nZ - % Cgl
Binary Dihedral BDyg,—9) | (2,2,7,2n) %" 20nl>, <? 6
Binary Tetrahedral (2,3,3,12) (%1 C§1>, <(Z) 6), liz’ <1 _22>
Binary Octahedral (2,3,4,24) (%8 C:l , ? 6), %—2 1 —ii
Binary Icosahedral (2,3,5,60) <C(1)0 C?_O1>, (? 8), \}5 <g§ : %g’ E§5_+C§§>

2.2. Algebraic Groups. The McKay correspondence as we will present it lies firmly
inside the realm of algebraic geometry. As such we want to now tackle the questions of
what is a group object in algebraic geometry? what is an action of such an object? and
how do we take a quotient of a variety with such an action? The main result of this
section is a discussion and proof of the existence of a quotient of an affine variety by a
finite (algebraic) group. We follow this with a brief discussion of geometric invariant
theory and give the explicit equations which describe the quotient surfaces C?/G

Definition 2.1. A group scheme G over k is a group object in the category of schemes
over k. That is, we have a “multiplication” u : G x G — G, a morphism for the
“lnverse” 1 : G — G, and a section e : Speck — G quving the identity element, all
satisfying the following diagrams:

exid idxe

GxGxG 225 GxG Speck x G 2% G x G <% G x Speck

l‘md l” x gL /

GxG —"% @

aQ LXid G x G dXt aQ

| g |

Spec k s G +—= Spec k
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Alternatively one could define them in terms of their functor of points, which can be
computationally more convenient, but for us obscures the point. An algebraic group
will be a group scheme which is reduced, separated, and of finite type over a field (in
particular, C). In other words, an algebraic group is a group scheme which is also a
variety.

As examples, any finite group is an algebraic group (as we will see below). So is the
group of n X n invertible matrices (indeed, this is the complement of det(A) = 0 in A"
which is a polynomial in the matrix entries). As a corollary to this second example,
any closed subgroup is also an algebraic group, for a particularly relevant example,
SL(n,C), as this is the group defined by det(A4) — 1 = 0.

The most common first examples one encounters are the additive and multiplicative
group schemes, given by G, = Spec k[t] and G,,, = Spec k[t, t ], where the multiplica-
tion map is given by the maps

Kit] — Kt @uk[t], to1@t+tel

and
kit = k[t @klLtY],  tetet

respectively. We leave it to the reader to check the remaining conditions on the defini-
tion.

Another special example is given by C* = GL(1,C), which is called an (one-
dimensional) algebraic torus. More generally, if 7,, C GL(n,C) is the subgroup of
diagonal matrices, we can easily see that T,, = (C*)", and this is appropriately consid-
ered as a higher dimensional algebraic torus. Varieties with an action (on a dense open
subset) by an algebraic torus are called toric varieties, and these form a particularly
amiable class of objects to work with. There is a large amount of literature on the
subject of toric varieties.

There are many examples of algebraic groups, however the most important example
for us is the following:

Finite Groups

There are many ways to see that finite groups are algebraic. Indeed since
GL(n, C) is an algebraic group, any Zariski closed subset is also an algebraic group.
Since &,, can be realized as a group of permutation matrices (a set of closed points
in GL(n,C) - hence an algebraic group), and every finite group is a subgroup of
some G,,, it follows that every finite group is algebraic.

Another construction is a special case of so-called constant group schemes. Let
G be a finite group, we construct a group scheme

G = H(Spec C)y

geG

which is simply the disjoint union of points labeled by group elements. We then
give produce the group structure by defining the multiplication tobe  : GXxG — G
sending the two components ((SpecC),,, (SpecC)y,) — (SpecC),,,4,. We leave it
to the reader to show that this is an algebraic group.
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Affine algebraic groups are also intimately connected to objects in algebra known
as (commutative) Hopf algebras. These algebras, in many ways, are the fundamental
objects of study in representation theory. We won'’t delve into this very intricate and
fascinating subject here, but roughly speaking Hopf algebras are algebras that are in
a sense “self-dual”. In particular if one were to write down what an algebra-object
would be in a category, you would have a collection of diagrams indicating addition,
multiplication, etc. A coalgebra is an object which satisfies all of the same diagrams,
but with the arrows reversed. A Hopf algebra is then something which is both a
(unital) algebra and a (counital) coalgebra, with some compatibility between the two
structures. In our case, if G = Spec H is an affine algebraic group over a field k, then
H is already a k-algebra, and since the spectrum is a contravariant equivalence, the
multiplication map m : G x G — G gives rise to an opposite map H — H ® H, etc.
Thus chasing through all of the conditions, we see that the category of affine algebraic
groups over k is equivalent to the category of Hopf algebras over k.

We hope the reader has been enjoying themselves so far, as we now turn away from
looking at algebraic groups directly, and now focus on how they interact with other
algebraic varieties.

Definition 2.2. A G-variety X is a variety with the action of an algebraic group
G: 0 :Gx X — X, which is a morphism of varieties, satisfying the following two
diagrams:

idXo exid

GXxGxX — GxX SpeckxX — GxX

Gx X —2 5 X

Our goal here is of course to see the existence of a quotient by a finite group (with no
conditions on the action!). First, note that a G-variety comes with an obvious action
on its sheaf of functions, in particular if f is a regular function then we can define
gf(x) = f(g'x). This will be important later.

Let us now try to formulate a correct notion of a quotient of a variety by some action
of an algebraic group. This is a notoriously tricky question, but the machinery that we
will use mostly appears in [36] and [7]. In general, quotients in algebraic geometry are
difficult to get a good grip on, simply because the Zariski topology does not offer us
enough control on the orbits of an algebraic group. As such the subject of Geometric
Invariant Theory addresses this in the case of a so-called reductive algebraic group;
by carefully discarding bad orbits, and defining a quotient in terms of the good ones.
The more commonplace solution these days seems to be that one replaces the Zariski
topology with a Grothendieck topology (usually the étale topology) and works with
quotient stacks instead, which have nice existence and universal properties.

For the reader who wants to learn more, the two sources mentioned above are in-
valuable. Another introductory treatment can be found in [19], but for us, we can at
least motivate what the right definition should be. For starters, we need to know what
a quotient of a variety needs to satisfy. The beginning definition is as follows.
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Definition 2.3. Let X be a G-variety with action o, then a pair (Y,m : X — Y) is
said to be a categorical quotient of X by G if the diagram:

Gx X 25 X

1k
X ——Y

commautes.

Alternatively, we may define a categorical quotient as a pair (Y, 7) such that for any
G-invariant morphism f : X — Z, there is a unique ¢ : Y — Z such that f = go .
This is a perfectly fine definition, but it is a very weak notion of quotient. The fibers
7~1(p) in general need not be orbits, and even worse the quotient may not have the
quotient topology.

We want to define something stronger, typically called the geometric quotient, and
the key realization is that we know how to do this as a set. We set X/G to be
the orbit space, and give it the weakest topology such that the canonical projection
7w : X — X/G is continuous, i.e., U C X/G is open if and only if #71(U) is open.
Now we want to give this the structure of a ringed space, so choose some class of
functions. If ¢ € Ox;e(U), then the pullback 7*¢ = ¢ o m must be a function on
7~ Y(U), which is obviously G-invariant. Using this we can make X/G into a ringed
space by setting Oy/c(U) = Ox (7 H(U))“. We still want the fibers of 7 to be orbits
however, and still in the realm of sets, this is taken care of by requiring that the map
(0,p2) =¥ :G x X = X x X having X xx/q X as its image. Indeed, the elements
of X xx/¢ X are those pairs in (z,y) € X x X each map to the same place under
the projection, i.e. m(xz) = m(y). This happens precisely when x and y have the same
orbit, so this condition then obviously implies that the fibers of 7 are the orbits.

In the land of algebraic geometry things are more complicated, as we cannot describe
the topology on the fiber product as simply the product topology, yet the same idea
still works.

Definition 2.4. A good geometric quotient of a G-variety X is a pair (Y, ) with
m: X =Y a G-invariant morphism satisfying:

(1) 7 is surjective,

(2) for any subset U C'Y, U is open if and only if =1(U) is open in X,

(3) for any open subset U C 'Y, the morphism Oy (U) — (7,Ox(U))¥ is an iso-
morphism,

(4) the image of the morphism ¥ : G x X — X x X is X xy X.

Of course, one can check directly that a good geometric quotient is automatically a
categorical quotient, so we have not lost anything here. To prove the existence of a
good geometric quotient in the case of a finite group, we have one more fact that we
wish to recall, this one from commutative algebra.

Proposition 2.2. Let G be a finite group of automorphisms of a finitely generated
integral domain A over C. Then the subalgebra AC is finitely generated.
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Proof. We first show that A is integral over A®. Let b € A, and consider the polynomial

po(t) =[]t —g-b).

geG

It is clear that b satisfies this polynomial, that is, py(b) = 0. Even further, by expanding
the finite product of linear factors, this polynomial is monic in ¢, and it is a general
fact that the coefficients of the expanded polynomial are the elementary symmetric
functions in the conjugates of b. Almost by definition, the elementary symmetric
functions in the conjugates of b lie in the ring of invariants A%, as applying any element
of G simply permutes the terms.

Now since we have shown integrality, let & be the generators of A as an affine ring
over C, and let R be the subring formed by taking the elementary symmetric functions
of all conjugates of the &. By the above, A is integral over R. Thus A is a finitely
generated R module, and so we conclude that A% is a finitely generated A module,
and hence an affine ring over C. [ |

Finally then we come to the main theorem of this section. The interested reader
should seek a more thorough introduction to the subject, as in many places the following
theorem is a mere example.

Theorem 2.2. Let G be a finite group acting on an affine variety X. Then a good
geometric quotient X/G exists and is an affine variety.

Proof. Let X = Spec A, and G be a finite group regarded as an algebraic group. Then
we know from above that the ring of invariants A is finitely generated over C, so
let Y = Spec A%. We claim that Y = X/G. Indeed let 7 : X — Y be the morphism
corresponding to the inclusion A9 — A. We must show that this gives a good geometric
quotient. Since we know that A is integral over A%, the morphism 7 is surjective by
the going-up lemma. Now let U € Y be open, we may assume it is of the form D(f)
for some f € A®. Then the pre-image 7'(U) consists of prime ideals which do not
meet the extended ideal (f)A, which is clearly open. Conversely, any such open set
must arise in this way.

To check the third condition, note that a ring map f : A — B is an isomorphism if
and only if Ay-1(,) — B, is an isomorphism for all primes p. This allows us to see that
Oy — (71,0x)¢ is an isomorphism by checking the claim on global sections. However
this is nearly a tautology, as both the former and latter are equal to A, and the map
7 was induced by the inclusion map A — A. Thus the map is the identity, which
proves the third condition.

Finally, since the group acts transitively on the primes in X lying over a prime in
Y, we must have that U = (o, py) has X xy X as its image. This proves that X/G is
a good geometric quotient, and is an affine variety defined by A¢. |

Now for our purposes, the only things that remains are the rings C[z,y]“ for the
finite subgroups G that we classified above. Now SL(2,C) acts on C? as usual, and
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this induces an action on the functions® C[z,y] via g.f(x) = f(g'x). In our specific

situation, it turns out that dim C?/G = dim C? — dim G (see [30] for a more general
criterion), and since we are dealing with a finite group, we see that dim C?/G = 2. So
now all we need are what the invariant polynomials in each case are.

It so happens that the subalgebra is generated by 3 invariant polynomials. Since the
quotient C?/@G should have dimension 2, by Krull’s hauptidealsatz the ideal of relations
between the 3 generators is principal, and so

Cla, y) = Clu, v,w]/(f(u,v,w)).

Computing precisely these invariant polynomials varies in difficulty, and to avoid stray-
ing to far from the goal we have taken the liberty to include what form f takes explicitly
in each case below. As an easy example, the ring of invariants for cyclic groups are
simple to compute. Indeed the group Z/nZ acts by x + (,x and y — ¢, 'y. The three
invariant monomials can be seen directly to be exactly 2", y", xy, and so we see that

Clz, Y% = Clu, v, w]/(uv — w™).

Group f(u,v,w)
Cyclic Z/nZ uy — w"
Binary Dihedral BDy(,—9) | w? 4+ u(v? + u")
Binary Tetrahedral w? +ut 4+ 03
Binary Octahedral w? + u(v® + u?)
Binary Icosahedral u? +v3 +w’
FIGURE 1

2.3. Representation Theory of Finite Groups. This section is intended to be a
convenient resource for the reader who may have forgotten (or doesn’t know) much
representation theory. Everything in this section can be skipped for now, but will be
used when we discuss the equivariant derived category and briefly when we discuss the
G-Hilbert scheme.

Here one should assume that the ground field is C. Let G be a finite group through-
out. All of this section was taken from various personal notes of my own, as well as
[15] and [32] since many results were borrowed from various places, and the original
sources overlap, we have decided to omit citations here, instead directing the reader to
the two books mentioned above. We have the following definition, which is the start
of the entire subject.

Definition 2.5. A representation of G is a group homomorphism p : G — GL(V),
where V' is some vector space (over C). A finite dimensional representation is a rep-
resentation where dime V' < o0.

’In actuality, we should specify that the group acts on the linear homogeneous polynomials, and
then higher polynomials are products of these. That way, we get the needed requirement that g.(fh) =
(9-f)(g-h)
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Strictly speaking, a representation consists of three pieces of data,a group G, a vector
space V, and a group homomorphism p : G — GL(V). However we will simply refer
to a representation as the vector space upon which the group acts, and refer to the
morphism explicitly when needed. This trades clarity for convenience; we hope this
doesn’t lead to excessive confusion. Now that we have defined the objects of study, we
should give the morphisms to see how they relate to one another.

Definition 2.6. Let p : G — GL(V) and © : G — GL(W) be representations. A
morphism f : V. — W is a G-equivariant map of vector spaces (in older terminology,
an intertwining map), i.e., a morphism of vector spaces f : V. — W such that the
diagram

V%W

lﬂ(g) m(g)
v L w

commutes for all g € G. In terms of elements, this means that 7(g)f(v) = f(p(g)v)
for all g € G, v € V. An isomorphism of representations is an isomorphism of vector
spaces whose inverse is also G-equivariant.

Here is the first example of such a representation. Let G — GL(V') be the morphism
sending all of G' to the identity endomorphism. This representation is called the n-
trivial representation, where n = dim¢c V. If n = 1, then this representation is also
called the trivial representation. More generally, let us consider a one-dimensional
representation of our finite group G (this means that we have a group homomorphism
p: G — C*). Since G is finite, every element has finite order, and so p(g)" = 1 for
some n depending on ¢g. This immediately shows that all such representations land
among roots of unity.

Another important representation is that of the regular representation. To define
what this representation is, we first need to define the vector space upon which it acts.

Definition 2.7. Let G be a finite group. The group algebra of G, C|[G], is the C-vector
space with basis elements g € G, and C-bilinear multiplication given by

(agi + bg2)(cgs + dga) = acgigs + adgiga + bcgags + bdgaga,
where the product g;g; is computed in G.

Since G is finite, the group algebra is a finite dimensional vector space of dimension
|G|. Moreover, any g € G acts by automorphisms on the left, as given any = € C[G],
it can be written as

T=_ 059

geG
where ¢ are regarded as formal basis elements. Then

grx=> a4 -g=>Y aygy).

geG geG
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By definition then, we define the regular representation of G to be the representation
(up to isomorphism) corresponding to the left multiplicative action on the group algebra
C[G].

Note that by definition, the translates of 1 in C[G] are a basis, that is, {g-1]g € G}
are a basis for the group algebra. More generally if v € V' is a fixed vector such that
{py(v)} form a basis for V, then V = C[G]. An isomorphism f : C[G] — V can
be given by simply setting f(g) = py(v) and extending linearly. More generally, if G
acts on a set A, denote by V4 the vector space spanned by elements of A. Define a
representation p : G — GL(Vy4) by py(eq) = €4a, where a € A and ga is the assumed
action of G on A. This is called the permutation action associated to G and A. If
A = G and G acts by left multiplication, then by definition V4 = C[G].

We would like to relate, in some sense, all representations of G to the regular rep-
resentation. We can do this in many ways, the perhaps most classical way is using
characters, but we are more interested in the related theory of representations of al-
gebras. Similar to that of groups, a representation of an algebra A is an algebra
homomorphism A — End V', where V is some vector space. A morphism of represen-
tations is again a morphism of vector spaces commuting with the action. Indeed this
gives V' the structure of an A module. When A = C[G], we see that the image of and
g € G is automatically invertible, and so one would suspect that these two notions are
equivalent. The following proposition essentially confirms this.

Proposition 2.3. Let Rep(G) be the category of finite dimensional representations of
G (where we may drop the assumption that G is finite for now), and Rep™t(G) be the
category of representations of G of arbitrary dimension. Let C[G]-Mod be the category
of left C[G] modules. Then we have an equivalence of categories Rep™ (G) = C[G]-Mod.

Proof. This is near tautological, but we will sketch it. Let p : G — GL(V) be a
representation of G. Then V' is a C-vector space with an action of G, so define a C[G]
action by kg-v = kp(g)v. This then obviously gives a C[G] module. Taking a morphism
of representations by the identity to a morphism of C[G] moduels is well defined, as
the equivariant condition simply says that the morphism is linear in the G-action.
For the reverse, given a C[G]-module, we in particular have that its a C-vector
space (forgetting the G-action), and we can simply define the representation by the
G-action afforded by the assumption. Since G acts by automorphisms, we are done.
The same process as the other direction applies for the morphisms, and we leave it to
the reader to show that the composition in both directions is (naturally isomorphic to)
the identity. [

In particular for a vector space V', there is an isomorphism
HOIHAlgC (C[G], End(c(V)) = HomGrp(G, GL(V)),

as a linear map is determined by what it does on a basis, and so a representation
of a group G is just a representation of the algebra C[G]. Hence we can discuss
representations of groups purely in terms of algebra-theoretic concepts.

As an aside, we can relate representations to a special case of a more general concept,
namely that of an equivariant module. For a ring R and a R-module M, both with a G
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action, an equivariant module is a module where the multiplication map R®@ M — M
is equivariant. On elements, this simply means g(rm) = g(r)g(m). INote the special
case of R = C and the action on C is trivial, we simply get a representation of G on a
C-vector space (equivalently, a C[G] module). Let us formally denote the definition.

Definition 2.8. Let G be a group acting on a ring R. Then a G-equivariant R-
module M 1s an R-module that has an action by G, such that the multiplication map
R® M — M is G-equivariant: g(rm) = g(r)g(m) for allv € R, m € M, and g € G.
A morphism of such modules is a G-equivariant morphism of R modules.

The category of such equivariant modules will be denoted R-Modg. In the scenario
where R is a C algebra, we can go further, indeed we can construct a new ring R#|[G]|,
called the skew group ring, as follows. Consider the vector space R @¢ C[G], with the
following product:

(Fregd)reg)=rgr)edy
This is a noncommutative unital ring, with unity 1 ® 1. Then we have the following
claim:

Proposition 2.4. There is an equivalence R-Modg = R#|G|-Mod.

Proof. Let M be a G-equivariant R module. Now we give M the structure of a R#[G]
module as follows: (r ® g).m = rg(m). We check the properties:

(r'®g')((reg).m) = (r'@g).(rg(m)) = r'g'(rg(m)) = 'g(r)g'g(m) = ((r'®@g')(rdg)).m.
where we have used that M has the compatibility between G and R actions, and
(1®1).m =1-1(m) = m, by the definition of an action. Now for morphisms, we check
that

f((reg).m) = f(rg(m)) =rg(f(m)) = (r@g).f(m)
as we have assumed that f is R and G linear.

This gives a functor from R-Modg to R#[G]-Mod. It is easy to see that this functor
is essentially surjective, as any R#[G]-module has a natural R-module structure and
k[G]-module structure given by restriction, namely the R action by r.m = (r®1)m and
the k[G] action by g.m = (1 ® g)m. Now we need to check that this is a G-equivariant
R-module, and for this, we note that (r ® 1)(1 ® g) =r ® g in R#[G]. Now

g(rm) = (1@ g)((r @ 1)ym) = (9(r) @ g)m = g(r)(g.m).
So this functor is essentially surjective. To see that it is fully faithful, reverse the

argument for the functor above to see that any morphism of R#[G] modules gives a
morphism of G-equivariant R modules. [ |

Equivariant modules then should be seen as a generalization of representation theory,
in some sense they are “nonlinear” representations of G. We will discuss skew group
modules in much more detail when we reach the equivariant derived category of the
affine plane.

Now that we have thoroughly discussed the fundamental objects at hand, it is time
to start discussing how to work with them. Given a group G, a common question is
to ask what all of its representations are. This seems at first like a naive question,
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as certainly there are many ways upon which a group acts on a vector space, but the
incredibly surprising fact is that they can all be decomposed into a few fundamental
pieces, called simple representations. The notion of simple has not yet been defined,
so let us do that now.

Definition 2.9. Let p : C[G] — End(V) be a representation. Viewing V as a C[G]
module, a subrepresentation is a C[G] submodule of V. V is said to be a simple repre-
sentation if it is simple as a C[G] module.

Here is one example: Let C[G] be the regular representation, and consider the sub-
space spanned by the vector > g. Then clearly this one-dimensional subspace is in-
variant under the action of G, and is isomorphic to the trivial representation. More
generally, given any representation V', take any collection of vectors, and consider the
span of those vector and all translates p,(v). This is clearly a subrepresentation of V.
Typically, simple representations do not arise naturally in practice, but in many cases
a representation of an algebra or group can be broken down into simples pieces, namely
as a direct sum. This is the notion of semisimplicity.

Definition 2.10. Let p: A — Endc (V) be a representation of an algebra A. We say
that p is semisimple if
Ve @s.

iel
where S; C V' are simple representations of A. An algebra A is called semisimple if all
representations p : A — Endc (V) are semisimple.

It is a remarkable fact that no matter how complicated the action may be, it can
always be written (in an essentially unique way) as a direct sum of representations
which are “building blocks” for all others. Of course the reader may raise their eye-
brows at this, simply because a definition without any examples is worthless (one can
define many remarkable properties about the zero ring or empty set for example). But
nevertheless the notion of semisimplicity is abundant in math. We will see later that
the group algebra of a finite group is semisimple, giving at least one nontrivial example.

An important application of the concept of semisimplicity is a fundamental lemma
in representation theory, whose usefulness should not be underestimated due to the
simplicity of the proof.

Lemma 2.2.1 (Schur’s Lemma). Let V' and W be simple representations of C|G|, and
¢V — W is a morphism of representations. Then ¢ is either zero or an isomorphism.
In particular if V=W, then Homeg)-moa(V, W) = C.

Proof. We leave it to the reader to check that given a morphism of representations,
both the kernel and image are subrepresentations. This implies (by simplicity) that ¢
must either be zero or an isomorphism. If V=W then ¢ — A is a linear G-equivariant
map of vector spaces, and since our ground field is C, it must have nontrivial kernel.
This implies that ¢ cannot be an isomorphism, so by the first part, it must be zero.
Hence the claim. [ |
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As an example of the utility of this result, we can give the dimensions all simple
representations of finite abelian groups. Indeed if p : C[G] — EndV is a simple
representation of a finite abelian group G, then each endomorphism (isomorphism) p,
is a G-equivariant map V' — V, as p, 0 p = po p, for all g. Since this morphism is
not zero, it must be a scalar multiple of the identity, which shows that p, = Al for
some A € C*. This argument of course applies to any g € G, and so C[G]| must act by
scalars. Since V was simple, this gives that V is one-dimensional?®.

Now let us turn back to our original goal in this section, relating the simple repre-
sentations of G to the group algebra C[G]. In fact, more is true. In a precise sense
all simple representations appear in the group algebra. As such let A be an algebra
over C. Then we define the regular representation of A to be the homomorphism
A — Endc(A), taking an element a to the operator which multiplies by a on the left.
Note that if we take A = C[G], this is the same regular representation we had defined
earlier.

Proposition 2.5. A is semisimple if and only if its reqular representation is semisim-
ple.

Proof. Clearly if A is semisimple, then its regular representation is semisimple. Con-
versely, let V' be a vector space with a representation p of A. Given any collection of
generators of V', {v; }ier, define the surjection

B A v
by sending (a;)ier — > p(a;)v;. Endowing A with its regular representation, this yields
V' as the homomorphic image of a direct sum of copies of the regular representation. We

claim that the homomorphic image of a semisimple representation is also semisimple.
Indeed, since A with its regular representation is semisimple, we can write

A® >~ Kerg & <@ SZ)
icJ
for some subset J C I. Indeed this follows from the simple fact that the kernel is a
subrepresentation (that you can prove yourself). Thus

V%’A@I/Kerﬂ’é@si,

and we leave it to the reader to verify that the quotient of representations is again a
representation. This shows that V' is semisimple, proving the claim. |

Proposition 2.6. Let A be a finite dimensional C algebra. Then the following are
equivalent:
(1) A is semisimple;
(2) >°,(dim S;)? = dim A, where the sum is over all simple representations of A;
and
(3) A = &;M,,(C), where n; are the dimensions of the simple representations of
A, and the sum is over all simple representations.

3We note that Schur’s lemma here isn’t strictly necessary. There are several introductory proofs.
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Proof. Clearly, (3) implies (1), so let us now prove that (1) implies (3). Let S; be the
simple representations of A. We then have an surjection (which the reader can prove)
of representations:

The kernel of this map consists of the elements which act by zero in all simple repre-
sentations of A. Since A is semisimple, it must split up into a direct sum of simple
representations, and an element that acts by zero on all simples spans a submodule of
A, but by semisimplicity this submodule must either be zero or isomorphic to direct
sums of simple representations, but then this contradicts the surjectivity of the map
above. Hence the kernel is zero, and we see that

is an isomorphism. Since End S; = M,,,(C), this proves (3).

The same argument shows that (1) implies (2), so now let us show that (2) implies
(1). The surjective map above shows that since A is finite dimensional (which was
use implicitly up to this point), Y _,(dim S;)? < dim A, and the assumption on equality
then implies that the kernel is zero. Hence (2) implies (1) (via (3)). [

Note that the proof actually shows that every representation of A appears in the
decomposition. We however are interested in the case of the group algebra, and the
first nontrivial result in representation theory is the following.

Theorem 2.3 (Maschke’s Theorem). The group algebra C[G] is semisimple if and only
if G is finite.

Proof. We only prove the “only if” part. Clearly it suffices to show that for a finite
dimensional representation p : C[G] — EndV, and W C V any subrepresentation,
we can find an orthogonal complement W’ such that V- =W & W’. Since V is finite
dimensional, choose any orthogonal complement W’ to W in V. Clearly as vector
spaces V =W @ W', but possibly not as a represenation of C[G]. Let p: V' — W be
the projection, so that ply» = 0 and p|lw = I.

Now define a new morphism,

_ 1 _
P=5 Y pepry
|G|
geG
Now since W was a subrepresentation, plw = I as before, and if we set W = Ker p, we
encourage the reader to check that W is also a subrepresentation. It then follows that
V =W & W as a representation of C[G], and so the group algebra is semisimple. B

A near trivial corollary to this is what our original goal was.

Corollary 2.3.1. Let G be a finite group. Then C[G] = @; Endc(V;) where the sum
runs over all irreducible representations of C[G].

Strictly speaking, the latter ring in the above corollary should be a direct product
(as opposed to the direct sum). As we have not completely shown that a finite group
has finitely many simple representations. This follows more or less trivially however,
as in the above we see that C[G] is a finite dimensional algebra, so then the direct
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sum (or product) must be also. This immediately gives that G has finitely many
simple representations. To get a better grip on the precise number however, we need
characters.

Definition 2.11. If p : C[G] — EndV is a finite dimensional representation of G,
then we define the character of V', xv : G — C, to be the function xv(g) = Tr(p(g)).

It is a classical fact (which can be found in any elementary textbook on the subject)
that the characters of simple representations of a group G form a basis in the vector
space of C-valued class functions on G. A class function is a function which is invariant
on all conjugacy classes in G. Hence we see that there are as many simple represen-
tations as there are conjugacy classes. Take as before the example of a finite abelian
group GG. Then there are exactly |G| distinct conjugacy classes, and every simple is
one dimensional. Hence C[G] = @¢C.

2.3.1. Changing the Group. We also have a handful of functors which allow us to
change the group we are interested in, namely restriction and induction. These will be
of import later when we discuss equivariant sheaves and their corresponding derived
category. If H < (G is a subgroup, and p : G — GL(V') is a representation of G, then
there is an obvious restriction functor Resg , which produces the representation of H:
poi: H — GL(V), where i : H — G is the inclusion. Clearly this functor is exact,
and satisfies an obvious transitivity relation. Further, Resl, is the forgetful functor,
and Res$ is the identity.

There is an opposite process to this, namely how to take a representation of H and
produce a representation of GG. This is called the induction functor Indg. To define
this, let p : H — GL(WW) be a representation of H. Then let G/H be the space of
left cosets of H, and choose some transversal (i.e. a choice of representatives for each
coset) {go occ/m. It follows that for any g € G, we can write g = g,h for some unique
h € H and unique coset o. Then we define

IndG;(W) = € g, @ W,
ceG/H

where g, ® W = {g, ® w|w € W}. To check that this indeed inherits the structure
of a representation of GG, we need to check a few things. Recall that the coset space
G/H is a transitive G-set, where G acts by permuting the cosets by left multiplication.
Then given any w € Indg, we can decompose this into w = > g, ® w, and define gw =
> 9(go ®w) linearly. It remains to define the product g(g, ®w). Since gg, € G, we can
write gg, = g-h for a unique coset 7 and element h € H, so define g(g, ®w) = g, ® hw,
and since H already acts on W, this product is defined. In essence, we are essentially
specifying that g acts by permutations on the cosets. Checking that ¢'(gw) = (¢'g)w
is left to the reader.

We have one lingering fact to check, namely that the definition of the action gw,
does not depend on the choice of representatives for the cocycles. Let {a,} and {b,}
be two such choices. Then given some g € GG, we can write ¢ = a,h, = b,hy, and in
particular, we see that a,b;' € H. Since W is a representation of H, this product
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acts by an automorphism on W, and hence gives a G-equivariant map between the two
induced representations.

There is another construction of the induced representation from the perspective of
the group algebra which is often useful. A representation of H on W is the structure
of a C[H| module on W. Further, the group algebra C[G] admits the structure of a
(C[G],C[H]) bimodule, so we can take the tensor product C[G] ®cig; W. We then
define this to be Ind%(1W). Given any element in this tensor product, we can write it
as a sum of pure tensors, so assume our element is pure. Then it can be written as
kg @ w for some k € C, g € G and w € W. Since we know that once we fix a choice of
representatives for the cosets, we can write g = g,h, then we see

kg @ w = kg, ® hw,

which is precisely the same action we have defined above. We leave it to the reader to
check that these are isomorphic as representations.

Theorem 2.4 (Frobenius Reciprocity). Indfl is a left adjoint functor to Resg . That
18,

Homg(g (Ind% (V), W) 2 Homep (V, Rest (W)).
Proof. By definition and Hom-® adjunction, we see that
Homeg)(Indf; (V), W) & Homgp (V, Homeye (C[G], W)).

Now since C[G] has a (C[G], C[H]) bimodule structure, we can define a left C[H] action
on Homgq(C[G], W) via af(b) = f(ba). Since af(1) = f(a), one can check that the
morphism f ~— f(1) is an isomorphism between Resg (W) and Homcg)(C[G],W). R

We will see this again when we discuss equivariant sheaves.

3. KLEINIAN SINGULARITIES AND RESOLUTIONS OF SURFACES

This section and the next form the bulk of these notes. Here we aim to explain
many of the geometric features of the quotient C?/G, mainly through a resolution of
singularities. We first give the reader a brief reminder on blow-ups of varieties and
resolutions in general before moving on to explain a construction of the resolution
which will be important for us later on, the G-Hilbert scheme of points. Indeed the
original idea for Mukai was to use a “universal sheaf” on an abelian variety (called
the Poincaré sheaf) to induce an equivalence of derived categories, and here the idea
is similar: the key step is to realise the resolution as a “moduli space” of certain G-
equivariant modules. Our main goal in this section is to discuss this moduli space in
detail.

Let X be a variety. For many reasons, one may wish to find a way of removing the
singularities without damaging the geometry of the smooth locus. One reason might
be the study the singularities themselves, as one obvious classification of singularities
is how hard they are to get rid of. As such a resolution of singularities is a pair (X, ),
with X a nonsingular variety and 7 a proper birational map which is an isomorphism
on the regular points of X. The set-theoretic pre-image of the singular points of X is
called the exceptional locus. This resolution is called minimal if for any other resolution



20 DYLAN SPENCE

of singularities Y — X, this map factors through a map ¥ — X. A priori, it is not
obvious at all that such a resolution would exist, if so, finding one may be incredibly
nontrivial. In the case of surfaces however, which is what we are dealing with, there
are several positive results, the most general of which was proven by Lipman.

Theorem 3.1 ([31]). Let X be a two dimensional scheme. Then there is a resolution of
singularities w : X — X, which can be obtained by a finite sequence of normalizations
and blow-ups of closed points. A resolution is minimal if and only if the exceptional
locus does not contain a smooth rational curve with self-intersection -1. A minimal
resolution is unique up to isomorphism.

This gives us some hope. Lipman’s result not only guarantees the existence of a
minimal resolution, it gives a method to find it, and a method to test if any resolution
is minimal. Hardly something to sneeze at.

Recall that if X = Spec A is an affine scheme, a closed subscheme Z defines an ideal
I C A. We can then construct the blow-up along Z to be the scheme defined by

By(X) = Proj (@ 1”)

n>0

where I = A, and the algebra multiplication is induced by the multiplication in
A. Note that the blow-up has a natural morphism 7 : Bz(X) — X, induced by
the inclusion A - A® I & I* @ --- and so Bz(X) is naturally a X-scheme. This
morphism can be shown to be proper and birational away from Z [20], and so the
blow-up (assuming that Bz(X) is nonsingular) gives a resolution of singularities. If
the blow-up is not smooth, we may need to repeat the process. The scheme-theoretic
preimage of Z is defined to be the closed subscheme defined by the pullback of the
ideal sheaf, 7*(Z), and is denoted Ey. It is a fact that the blow up comes with a sheaf
like O(1),and the invertible sheaf on Bz (X) defining F; is O(—1). The reduced cartier
divisor (Fz)eq is by the definition the exceptional divisor of the blow-up.

Computing the blow-up can be hard, but if we stick to blowing up at a smooth
subscheme, we get a good characterization of the Ree’s algebra. It turns out that if
I = (g1,...,9n) is generated by a regular sequence, then @, .,I" = Alay,...,a,]/1,

where I is generated by the 2 x 2 minors of the matrix

gl “ e gn
ai -+ Qp '
This is illustrated in the following example.

Example:

For example, consider the blow up of A" = Spec k[z1, ..., z,] at the origin, which
is defined by the maximal ideal I = (1, ...,x,). If we set S = @,,I", the blow up is
then given by Proj.S. To figure out what this ring looks like, set A = k[x1, ..., x,],
and consider the map of graded rings® Alay, ..., a,] — S sending a; — x; € I. Then
we see that the kernel is then generated by the homogeneous relations z;a; — z;a;
for i,7 = 1,...,n. The projection map gives the map = : Proj S — A™.
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Now consider the inverse image of the origin, 7='(0). Look at the affine chart
where a; does not vanish, we get relations x; = a;x;,and hence the ideal pulls back
to (x;), which is principal.

%The reason why we consider this ring is that the blow-up is easily realized as a subset of the
product P! x A™.

So then the reader may ask, if blowing up at smooth points is easier, how do we
tackle the singular cases? This is the notion of embedded resolution. While a given
variety X may be singular at some point x € X, it may happen that X lives inside a
larger ambient space, where = (regarded as a point in the ambient space) is a smooth
point. The idea is then to blow-up this larger space at z, and see what happens to X
under this birational map. This is called the strict transform of X, and the following
proposition guarantees its existence.

Proposition 3.1 ([20]). Let f : Z — X be a closed immersion and Z be a sheaf of
ideals on X, and J = [~YZOy the inverse image ideal sheaf on Z. Let X be the
blow-up of X along I and Z be the blow-up of Z along J. Then there is a unique map
f, which is a closed immersion, making the diagram commute:

7 5 X
7 1. x
This is of particular interest to us, as in our context Z will be our singular surface

C?/G, and X = A®. In this case we will call Z the strict transform of Z in X. To
illustrate this, consider the case of G = Z/nZ below.

Example:

Consider the surface zy — 2™ = 0 in A%. We know that this has an isolated
singularity at the origin and nowhere else. Further, we have already seen that the
blow-up of affine 3-space is given by

Clz,y, z][a, b, ]

: X = Proj
4 o) (b — ya, xc — za,yc — zb)

— X,

where z,y, z have degree zero and a,b,c have degree 1. Now to find what our
surface has become (i.e., the strict transform of C?/G in the blow-up), we look at
an affine chart and use the defining relation xy — 2".

(1) In the chart @ = 1, where the blow-up is given by
Spec Clz, y, z|[b, |/ (xb — y, xc — z) = Spec C[z, b, ¢],

the relation zy — 2™ becomes z(bx) — (cx)™ = 2?(b—c"2"~2). The 22 defines
the inverse image of the origin, and we see that our surface intersects the
copy of P? with multiplicity 2 (hence why these singularities are sometimes
called rational double points), while the strict transform is defined by b —

o 2
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(2) In b = 1 we get a similar story. The strict transform is given by a — c"y" 2.
(3) Similarly for ¢ = 1, we get ab — z"2.

This last chart (¢ = 1) is what interests us in particular, as we can check that
this is nonsingular if n < 3, and otherwise we get a singularity in this chart of the
same type, but with a lower exponent. If we then blow-up the strict transform
up again, the same logic yields a surface which is either nonsingular or closer
to nonsingular, and so we see that after a finite number of iterations we get a
resolution of singularities. Further, since the intersection of the strict transform
of this surface meets the exceptional divisor with multiplicity two, we see that
the exceptional divisor in the strict transform has self-intersection —2. Thus this
resolution is minimal.

3.1. Hilbert Schemes. Now we will pause the discussion of birational geometry to
discuss the Hilbert scheme of points. This is a fundamental object in algebraic geometry
for many reasons, and in our case forms a very interesting example of a resolution of
singularities.

The Hilbert scheme of points of an algebraic variety is itself a scheme with parametrizes
collections of points with multiplicities in such a way that it satisfies a very convenient
universal property. More generally, for a variety X over C we can define a functor

o Closed subschemes Z C X x B, flat over B, whose fibers
Zy = mg (b) have Hilbert polynomial n
Note that if the base is reduced, then this is equivalent to requiring that the Hilbert
polynomial is constant among fibers [20]. Further, the requirement that the Hilbert
polynomial takes the constant value n, and the subscheme be flat means that (75).(Oz,)
is locally free of rank n on B. The Hilbert scheme is then the scheme which represents
this functor.

Theorem 3.2 (Grothendieck). The functor Hilb' is represented by a scheme of finite
type over k, denoted Hilb™ X, and is called the Hilbert scheme of points on X . Moreover
if X is projective, then so is Hilb" X.

Recall that the notion of representability is that the S-points of Hilb" X are in
bijection with the objects of the image of the functor Hilb’(S). In particular, the
geometric points Hilb" X (C) = Hom(Spec C, Hilb™ X) is in bijection with subschemes
Z in X of dimension 0 and length n. By length, we of course mean the length of zero-
dimensional Artinian ring Ox z. It is a general fact that any such representable functor
comes with a universal object, that is, an element of Hilb% (Hilb" X'), denoted Z,,, such
that any other flat family of subschemes satisfying the same conditions can be expressed
as the pullback of this family. That is, if we have a flat family p : Z € X x B — B,
then by representability this corresponds to a unique morphism f : B — Hilb" X, as
in the diagram:
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ZcXxB—1 =z

lp lﬂ'
B—1 4 HibX
then there is a unique morphism f* : Z — Z, making the diagram commute, and
Z = Z, Xumpr x B. This universal object is what will play an essential role in the proof
of the derived McKay correspondence as we mentioned at the beginning of this section.
If we are on an affine variety, then we can describe the Hilbert scheme of points as

a set in a more explicit manner.

Definition 3.1. Let X = Spec A be an affine algebraic variety. Then the Hilbert
scheme of n points in X is defined by

Hilb" X = {J C A|J is an ideal in A,dimc A/J = n}.

Note that we have specified that the dimension of A/J, as a vector space over C,
is n. This means that J has maximal height (where height for a nonprime ideal is
defined as a the height of a minimal prime containing it), and hence is the defining
ideal for some collection of points with multiplicity. The weighted sum of the points
with their associated multiplicities should then equal n. This agrees with the definition
we gave earlier when we specified that the subscheme have finite length. For example,
the Hilbert scheme on one point is simply the collection of maximal ideals in A. The
Hilbert scheme on two points parametrizes pairs of points, but also single points and
a tangent vector (a “velocity”). Indeed one should think about closed points of the
Hilbert scheme as simply the set of points of length n, as described above. However non-
closed points and even subschemes of the Hilbert scheme of points should be thought
of as families of such points, and the Hilbert scheme encodes all possible families in a
nice way.

Before we delve into a sketch of the quasi-projectivity of the Hilbert scheme how-
ever, we want to introduce a related object, the symmetric product. Let X = Spec A
be an affine variety over C. Then the nth symmetric power of X is defined to
be S"X = X"/S, = Spec(A®")». For example if X = SpecC[z], then S"X =

Spec Clx1, ..., 2,]°, and by standard theory of symmetric functions, equal to Spec C|s, ...

A". However in general the symmetric power is very singular, and we will see later
that this is closely related to the Hilbert scheme of points.
Now we sketch the proof of the quasi-projectivity of Hilb™ X in the case of X = C?
following [15], who gives a very different proof then the usual (see for example, [13]).
We first sketch what affine varieties form the open cover. Choose a partition of p of
n, and consider the Ferrers diagram for that partition. For example if n = 12, and we
have = (1,2,2,3,4), the Ferrers diagram is

) Sn]
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We then endow each of the boxes with z, y-coordinates, with the bottom left square
having coordinates (0,0). Based on those coordinates (i,j) € p, we then consider the
set B, = {z'y’|(i,j) € p}. In our example above,

B(1,2,2,3,4) = {17 x, 513'2, .]33, Yy, Ty, xzya y27 .TyQ, y37 xy?)’ y4}
Now we define the subset of the Hilbert scheme:
U, = {I € Hilb" A*| B, /I spans C[z,y]/I}.

We get for free that B, /I is actually a basis*, as the C-dimension of C[x,y]/I is n, and
|B,| =n. So then for any monomial z"y*, we can write

zhyk = Z Zf;k(])a:iyj mod [
(i.5)en

for some functions Z}k which depend on I.

Proposition 3.2 (Proposition 2.1, [18]). The sets U, are open affine varieties which
cover Hilb™ C?. The structure sheaf of each of them is generated by the Z};k for all
(1,7) € p and all (h, k).

The key step in the proof of this result is a basic fact about monomial ideals: for every
ideal I in a polynomial ring, there is a basis B mod I, consisting of monomials, such
that every divisors of a monomial in B is also in B. Then for any ideal I in Hilb" C?
it is clear that such a basis must be B, for some partition p of n.

Now since Clz,y|/I has one of the B, as a basis, we see that the set of monomi-
als of degree at most n spans this vector space, and hence I determines a map from
Hilb"™ C? into the Grassmann variety of n-dimensional quotients of this space of mono-
mials. Then a difficult argument of Grothendieck shows that this map is injective and
locally closed, hence giving the Hilbert scheme of points in C? the structure of a quasi-
projective scheme. Note that this scheme is not projective, nor is it even a variety, as
it can have nonreduced structure. There is an example, due to Mumford, where an
entire connected component of a Hilbert scheme is nonreduced. However, the Hilbert
scheme is always connected, which was shown in Hartshorne’s thesis.

The relation between the Hilbert scheme of points and the symmetric product that
we had hinted at earlier is nicely presented as the following theorem.

Theorem 3.3 (Theorem 11.2, [28] or the discussion in [20]). Let X = Spec A be an
affine variety over C.

(1) There is a canonical projective morphism (the Hilbert-Chow morphism) 7 :
Hilb" X — S™X, which sends

J— > dime(A/ ), - p.
pEsupp(A/J)
We recall the support of an A-module M 1is the set of primes p C A where
Mp # 0.

4By B,,/I, we mean the set of images of the elements of B,, under the canonical projection C[z, y] —
Cla,y)/1.
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(2) Let S§X be the subset of distinct n-tuples of closed points of X™ up to the
action of S,. Denote by Hilbj X the pre-image of SiX by the Hilbert-Chow
morphism. Then the restriction 7 : Hilbg X — S§X is an isomorphism. Fur-
ther if dim X = 2, then Hilby X is dense in Hilb" X .

Proof. (1) The statement of the morphism should be clear. A detailed construction
of the morphism and its projectivity is left to the literature (for example, [30]).
(2) It should be clear from the definition that if Z € Hilb" X is any zero-dimensional
subscheme which is reduced, then Z is a union of n points. Thus over S§.X the
Hilbert-Chow morphisms is the identity. Since Hilb™ X is connected, and SiX

is open and dense in the symmetric product, this proves the claim.
[

We also have the following important result due to Fogarty [11]:

Theorem 3.4 (Fogarty). If X is a nonsingular surface, then Hilb"™ X is nonsingular,
and the Hilbert-Chow morphism m : Hilb" X — S™X is a resolution of singularities.

There are a few places one can go for the proof of this result. In the case where X
is projective, [11] has a very readable proof. Another more general proof can be found
in [37], and of course the original at [11]. A complete and very readable proof in the
affine case is done in [%]. Let us examine a particular case in detail, X = A% which as
we will see is the exact setting that we find ourselves in.

Example:

We first wish to describe the symmetric product S?X. We can realize the product
as Spec(C[Aq, p1, A2, o] ), where the action of Sy = Z /27 is given by A\; +> Ay and
[y <> po. If we then make the change of coordinates,

T1 =AM+ A2, Y1 =t pe, Tz =AM —Aay Yo = pn — fia,
then S?X becomes isomorphic to Spec(C[z1, y1] ®c Claa, y2]%/?%), where Z /27 acts
trivially on C[zy,y;] and acts by negation on C[z,, y2]. However we already know
that the action of Z/27Z yields a hypersurface in A3 by virtue of the ring of in-
variants, that is, Clzy, y2]%/* = Clu,v,w]/(uv — w?), a singular quadric surface.
Hence S?2X = A? x @, where (Q is a quadric cone.

Now given (t1,t2) € S§X, then 7 ((t1,t2)) = Juy 1) = {f € Clz,y]| f(t1) =
f(t2) = 0} = my,my, is a single point. Indeed since the two points are distinct, their
corresponding maximal ideals are comaximal, and so by the Chinese Remainder
Theorem Clz,y|/J = C & C. By definition, the Hilbert-Chow morphism takes
J to supp(Clz,y]/J), which again is by definition the set of primes for which the
localization does not vanish. Since a prime is in the support if and only if it contains
the annihilator of the module, we see that the only elements of the support are the
prime ideals containing .J, which are precisely m;, and my,. This verifies the claim
that 7 was an isomorphism when restricted to Hilb{ X for this case.

The more interesting case is t; = t5, which we may as well assume is given by the
point (0,0). Instead of describing the ideal 71((0,0)), lets instead describe the
module Clz, y]/J. We know that this must have dimension 2 as a vector space over
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C, be zero dimensional as a ring, and has support at the origin with multiplicity 2.
So then as a module over Clz, y], the variables x, y must act nilpotently, and one
can convince themselves that any such module must be of the form

Clz,y]/J = Clz, y}/(xz, v2, ry, ax + by),

for some (a,b) # (0,0). Hence we have an entire P! worth of pre-images. Since
we know that this is a resolution of singularities, we can conclude that Hilb* X =
Q x A%, where @ is the resolved quadric cone.

3.1.1. G-Hilbert Schemes. Our original goal here was to construct a resolution of the
singular surface C?/G, and to do this we need to look at scheme which is closely
related to the Hilbert scheme above, the so-called G-Hilbert scheme. In particular we
will not work in the generality that we sometimes worked with above, and only consider
Hilb™ C? from now on. Further we will be dealing with a finite subgroup G of SL(2, C),
and so we always assume that n = |G|, whenever such an assumption makes sense.
The action of G on C2 naturally induces an action on Hilb/%/ C2 and S"C? by simply
acting on each point individually. If we consider the fixed point locus of this action,
we have the so-called G-Hilbert scheme’: (Hilb/®l C?)¢ = Hilb® C2. The corresponding
fixed point locus of S"C? is denoted (S"C?)“. Of course, for the G-Hilbert scheme to
be a resolution, it must be smooth. However its a standard fact in the setting of a
reductive group G acting on a smooth variety, the fixed locus X% is smooth.

Proposition 3.3. Hilb® C? is a nonsingular algebraic variety.

For a proof, see [%] Lemma 6.2.3 for a particularly readable one.

Note that for any J € Hilb® C?, the quotient Clx,y]/J is a representation of G,
and hence can be decomposed into simple representations by Maschke’s Theorem.
This implies that one can to decompose the G-Hilbert scheme into a disjoint union of
subschemes according to the decomposition into simple representations [25]. One par-
ticular subscheme of interest is the connected component corresponding to the regular
representation. Recall that regular representation of a group is by definition the rep-
resentation of the group G on its group algebra C[G] given by C-linear multiplication
of group elements, i.e., the map G — GL(|G|,C) sending G to an appropriate group
of permutation matrices. For example if z € C?\ {(0,0)}, consider the ideal J, of
all functions which vanish on the orbit Og(2) of z under G. Since for nonzero z the
stabilizer in G is trivial, the orbit consists of |G| distinct points, and the action of G
simply permutes them. Thus C|x,y]/J. is isomorphic to the regular representation of
G. We will denote the connected component of Hilb® C2 consisting of ideals which give
the regular representation by Hilb¢ C2. It turns out that this is our candidate fo the

reg

5In more general situations, the definition of the G-Hilbert scheme that we have taken is not the
standard one. The actual definition is as follows: The G-Hilbert scheme of X is the irreducible
component Hilb® X of Hilb™ X that contains an orbit of some point z € X", where

X9 = X \ Ul;égeGXga
where X9 is the fixed point locus of the action of g € GG. It is the largest open subset upon which G

acts freely. It is then a conjecture of Nakamura that this coincides with the definition that we have
taken.
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resolution of the surface C?/G. To see this, we first relate the surface to the symmetric
power in a surprising way.

Proposition 3.4 ([238]). There is an isomorphism (S"C*)¢ = C?/G, where n = |G].

Proof. Since the stabilizer of every nonzero point in C? is trivial, every G-orbit is either
zero or |G| distinct points. This gives a map (S"C?\ {(0,0)})¢ — (C2\ {(0,0)})/G
which sends a collection of points to the class of their orbit. It is trivial to see that
this is an isomorphism. This extends to a bijective morphism (S"C?)¥ — C2?/G (hence
birational), which since C*/G is normal, is an isomorphism by Zariski’s main theorem.

We can use this proposition in the following way. If 7 : Hilb" C?* — S"C? is the
Hilbert-Chow morphism, restricting it to the G-fixed points gives a map (which we
may as well call the G-Hilbert-Chow morphism) Hilb® C? — (SI¢IC?)¢ = C?/G. If we
then restrict it further, we get a map 7 : Hilb$, C? — C?/G. We then have the all
important theorem:

Theorem 3.5 (Theorem 12.7, [28] or Theorem 9.3, [20]). The G-Hilbert-Chow mor-
phism e - Hilb¢ C2 — C?/G is a crepant resolution of singularities.

reg

We currently are not in a position to prove this theorem, as we need to still discuss
the symplectic structure and the notion of a crepant resolution, but regardless this
result implies a very interesting interpretation of this entire correspondence. Recall
that G was a finite subgroup of SL(2,C), which was the symmetry group of some
higher dimensional regular polyhedron. Now the points of (S"C?)¢ which are not
zero in any coordinate are simply the orbits of G, i.e. they are the vertices of such a
polyhedron. Under the isomorphism (S"C?)% = C? /G, we see that the quotient surface
C?/G can be though of as a geometric space which parametrizes the possible regular
polyhedra for which G is the symmetry group. The singular point should be though
of as when the polyhedra have zero diameter, and the fact that there are many ways
for the polyhedra to “shrink” to zero reflects the singularity.

The points of Hilereg C? are the collections of subschemes of length |G| of which G
acts as in the regular representation. So again we can interpret the individual points as
representation the entire polyhedron, and as we approach the singular point in C?/G,
the Hilbert scheme keeps track of the direction, tangents, etc., so as to capture the
various behavior of the origin.

This is (at least in my opinion) a remarkably clear way of seeing the geometry of this
correspondence. To see more details however, we will need to pause to again discuss
birational geometry, in particular the notion of a crepant resolution.

3.2. Generalized Divisors and Crepant Resolutions. Let X be an irreducible
variety. If X is normal, we can define a Weil divisor to be a formal linear combination
of prime divisors, where a prime divisor is just a codimension one irreducible subvariety.
The correct notion of equivalence for Weil divisors is that of linear equivalence, i.e., two
divisors are equivalent is their difference is a principal divisor — the vanishing locus of a
regular function. We have another notion of divisors, namely Cartier divisors which are
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given in terms of invertible sheaves. For the two notions of divisors to coincide, we need
the variety to be factorial, i.e. all local rings should be unique factorization domains.
We immediately have a problem though, namely that while factorial rings are normal,
the converse is not true. So it is possible to have a normal variety where the notion of
Weil and Cartier divisors do not coincide. This is troubling for many reasons, as the
calculus of sheaves provides an enormous number of tools which simplifies calculations
and allows great flexibility in constructions. Thankfully we are able to combine the two
notions of sheaves into what are called divisorial sheaves, which are able to capture
both notions of divisors simultaneously, and still provide nice functorial properties.

Given a coherent sheaf F on a quasi-projective variety (actually any scheme works
for this definition), we can define the dual sheaf’ to be F¥ = Home, (F,Ox). As a
consequence of the definition, there is a natural map from F to the double dual FVV,
which sends a section to the evaluation morphism which evaluates morphisms on that
section. If this map is an isomorphism, we say that the sheaf F is reflerive. Note
that a reflexive sheaf is automatically torsion free, and further coherent sheaves (on
reasonable schemes) always have a nonempty open subset upon which the restriction
is locally free. Thus we can talk about the rank of these sheaves, defined as the rank
of their restrictions to these open subsets. Further, in the case of torsion free (and a
normal variety) we can actually guarantee that the complement of this open set has
codimension at least 2. We state for convenience the following result, for the proof one
should consult [25].

Proposition 3.5 (Theorem 5.1.11 [25]). For a torsion free coherent Ox-module L on
a normal variety, the following are equivalent.
(1) L s reflexive;
(2) If a torsion free Ox-module M satisfies L C M and codimx (supp M /L) > 2,
then M = L;
(3) if Xo is an open subset such that codimx (X \ Xg) > 2, and L|x, is locally free,
then j.(L|x,) = L, where j : Xo — X is the inclusion.

Let us then propose our definition of a divisorial sheaf, which should capture both
Weil divisors and Cartier divisors.

Definition 3.2. A reflexive sheaf of rank 1 is called a divisorial sheaf.

Trivially, any invertible sheaf is divisorial, as a locally free sheaf is reflexive, and in-
vertible sheaves (by definition) are rank one. To see that the notion of Weil divisor is
also captured by this definition, we have the following.

Theorem 3.6. On a normal variety X, define a map ® which assigns to a divisor
D € Div(X) a divisorial sheaf given by the associated sheaf to the presheaf defined by

[(U.0x(D)) = {f € K(U)* | din(f) + D > 0}.

Then this map is an isomorphism.

5Not to be confused with the derived dual, which will arise when we discuss derived categories.
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First note that the sheaf Ox (D) defined above is a Ox-submodule of the quotient
sheaf IC, and so is automatically torsion free. Moreover we stress that this is a sheaf
constructed in terms of Weil divisors. An example of a divisorial sheaf which is not
invertible is the following.

Example:

Divisorial sheaves need not be invertible, for example, consider the affine cone
xy + 22 = 0. Take the closed subset defined by V(y, 2) (this is a line on the cone
through the singular point). Since this is not principal, it cannot give an invertible
sheaf, however it does define a divisorial sheaf in the same way as the theorem
above states.

Note that in the case of a locally factorial condition divisorial and invertible coincide,
see [22].

Proof. We follow the proof of [25], Theorem 5.2.7. Note that outside D, Ox = Ox (D),
and so these sheaves have rank 1. Take an open subset X, with complement in X of
codimension at least 2, with Ox(D)|x, invertible. If j : Xy — X is the inclusion, then
if we can show j.(Ox(D)|x,) = Ox(D), then we are done by Proposition 3.5. Since
WEeil divisors are determined on open dense subsets with complements of codimension
at least two, we can see that prime Weil divisors on X \ Xy and U \ Xj correspond
bijectively. This means (quite literally) that Ox(D)(U) = 7.(Ox(D)(U)|x,), as re-
quired.

Conversely, if we have a divisorial sheaf £, then there an open dense subset X, with
codimension at least two such that L|x, is invertible. On this open set, simply take the
Cartier divisor corresponding to this invertible sheaf, and regard it as a Weil divisor
(by taking the local defining functions and sending them to prime divisors). This gives
an inverse. |

Now that we have established the utility of divisorial sheaves, much of the same
results from say, [20] follow. Indeed this even allows one to define the pullback of Weil
divisors via f*D = f*Ox (D) (assuming f is surjective). One minor difference is that
the product of two divisorial sheaves is given by Ox (D1 + D2) = (Ox(D;)®Ox(D3))"Y
(we take the double dual to kill torsion, hence the product remains divisorial). Now any
smooth variety X has a distinguished class of divisors which are intrinsic to the variety;
the canonical divisors. On such a smooth variety, these are defined to be the divisors
corresponding to the highest power of the sheaf of differentials, QUm¥ = oy which is
invertible as X was assumed smooth. On a singular variety there is a corresponding
notion of a dualizing complex, as developed by Grothendieck, but this is not quite the
same object. When X is simply normal, we can make an elementary definition for
what the canonical sheaf should be.

Definition 3.3. Let X be a normal variety and let j : U — X be the inclusion of the
smooth locus (which has complement at least codimension 2). Then we can form the
canonical (invertible) sheaf wy, = Q?};{‘CU on U, and then pushforward along j to give
wyx = Jxwy. This is referred to as the canonical sheaf on X.
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This is trivially divisorial as it satisfies the second criteria in Proposition 3.5. This
then defines a Weil divisor class Ky, which we call the canonical class.

Definition 3.4. Let X be a normal variety. We say X has canonical singularities if
it satisfies the following two conditions:

1) some power of the Weil divisor K x is Cartier (that is W = (WYY s Cartier
( p » Wx X

for some r) in some neighborhood of the singularity;
(2) if f:Y — X is a resolution of singularities, and {E;} the exceptional prime
divisors, then

rKy = f*(rKy) + Z a; B
with a; > 0.

The minimal such r so that Kx is Cartier is called the index of the singularity, and
the Weil Q-divisor A = (1/r) > a;E; which satisfies

Ky =f"Kx+ A
is called the discrepancy of f.

Definition 3.5. If A =0, the resolution f is called a crepant resolution.

Actually, the second condition in the definition of canonical singularities goes by
a different name, an r-Gorenstein singularity (where r is the index). A singularity
which is 1-Gorenstein and Cohen-Macaulay is called a Gorenstein singularity, as this
is equivalent to the local ring at that point being a Gorenstein ring. This story is a
long one, and we don’t have the time to discuss it here, but the equivalence of this fact
is essentially [31] Theorem 18.1, or [12] Proposition 21.5. Recall that a ring R is said
to be Gorenstein if it has finite injective dimension as a module over itself. That is,
any injective resolution is bounded by a finite number, that number is said to be the
injective dimension. The upshot is that a normal scheme X is Gorenstein if and only
if Ky is Cartier [30].

Now it is a general fact that the ring of invariants of a regular ring for a “reasonable
group is Cohen-Macaulay [21], in fact if the field we are working over is characteristic
zero, then in fact the ring of invariants is actually also Gorenstein (see [1] and references
therein). In summary:

Theorem 3.7. Let G be a finite subgroup of SL(2,C). Then the ring of invariants
Clx,y)¢ is a Gorenstein ring.

»7T

For the entertainment of the reader, we also include the following, which roughly is
the content of the classical McKay correspondence. For more characterizations see the
source, and also [10].

Theorem 3.8 (Theorem 7.5.1, [25]). Let X be a normal two dimensional variety with
x € X a singular point. Then the following are equivalent:

(1) = is a quotient singularity and a Gorenstein singularity;
(2) Let f:Y — X be the minimal resolution, then f*Kyxy = Ky,

"The actual condition is linearly reductive, which is certainly satisfied in the case of a finite group.
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(3) The exceptional divisor of the minimal resolution consists of several copies of
P!, each with self-intersection —2 with normal crossings. The intersection graph
is one of the A,,, D, Fs, E7, Es Dynkin graphs.

(4) X is a hypersurface of C* and the defining equation is one of those appearing
m Figure 1.

3.3. Symplectic Algebraic Geometry. Given a smooth algebraic variety X over a
field, we can form its canonical sheaf QY as the sheaf of “algebraic” differential 1-forms
on X. A symplectic structure on X is a nonzero global section w of Q% = /\2 QL which
is nondegenerate, i.e., the natural map Q% — (Q'X)V is bijective. On stalks this gives
a nondegenerate 2-form w, € Q% , = A*(m,/m?). In particular, this implies that the
dimension of X is even (as in the smooth case), and the highest power of w gives a
nowhere vanishing section of Q4m¥ = o) so the canonical bundle is trivial.

Example:
The first and only example that we need of such a structure is given by C?, with
the 2-forms being given by
w=dx N dy,

which is also a top form for the canonical sheaf on C?. Hence w2 = Oge.

Theorem 3.9 (Theorem 6.7, [20] and references therein). Hilb" C? admits a symplectic
structure.

If X is a symplectic algebraic variety, we say that a finite group G acts symplectically
if g*(w) = w for all g € G. We then have the following key result.

Lemma 3.9.1. Let G be a finite group acting symplectically on (X,w). Then X is a
symplectic subvariety.

Proof. We skip the proof that the fixed locus is smooth, see Proposition 3.3 and the
discussion afterwards. Let 2 € X¢, and by Maschke’s Theorem, the linear representa-
tion of G on T, X splits into T, F' & N, where F' is the tangent space of the fixed locus,
ie., T,F = (T,X)%. The form w on X defines a morphism T, F — (T,X)* — N*, and
since G preserves w, w, is a morphism of represenations of GG. Since N* does not con-
tain any trivial summands, the map is trivial by Schur’s Lemma. Thus T, F — (T, F)*
is an isomorphism. [

We are now in a position to prove Theorem 3.5:

Proof of Theorem 3.5. We can see from the previous two results that X = Hilbfeg C?
acquires a symplectic structure from C?, as GG, being a finite subgroup of SL(2, C), acts
on the form w = dz A dy on C? as g*(dx A dy) = det g(dz A dy) = dx A dy.

Now the Hilbert-Chow morphism 7 : Hilb™ C?> — S"C? is proper, as it is the re-
striction of the projective morphism Hilb"P? — S"P2. Hence we get the induced
G-Hilbert-Chow morphism 7z : X — (SI¢IC?)% = C?/G by Proposition 3.4. Away
from the singular point, any point is a G-orbit of a nonzero point in C?, which is a
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reduced zero-dimensional subscheme invariant under GG. Hence this establishes as iso-
morphism on a dense open set, and so X and C?/G are birational. Since the former is
nonsingular, this is a resolution of singularities.

To show this resolution is minimal, note the symplectic structure on X induces
Ox = wyx, and since the trivializing section of we2 is invariant under the action of G,
it passes to a necessarily trivializing section of wez/q. Hence wezjq =& Ocz/q. Now
since 7¢,(Oc2/) = Ox always holds, we have a crepant resolution. Note also that this
implies by adjunction on X that any connected component of the exceptional divisor
has self-intersection -2 (as the canonical class is trivial), and by Castelnuovo’s criterion,
this resolution must be minimal. [

There are two important lessons to learn here. First, the above result is the first
(and only) time that we explicitly needed the assumption that G was a subgroup of
SL(2,C). This may give one the feeling that there should be some generalization of the
whole thing. Indeed I feel the same way, but the situation seems to be complicated.

Second, since minimal resolutions are unique up to isomorphism, this is one way of
seeing that Hilbfeg C? is isomorphic to a suitable blow-up of the surface C?*/G (as one
can also obtain a minimal resolution via blowing-up. See the earlier result of Lipman).
Since the blow-up of a quasi-projective (projective) variety is also a quasi-projective
(projective) variety, we also obtain that Hilbf’;g C? is a quasi-projective variety. This
is far from true in general, but in this remarkable case it happens to hold.

4. DERIVED CATEGORIES

Homological algebra is perhaps one of the most important mathematical develop-
ments of the past century, and has extended its reach far into many subfields of algebra,
topology, geometry, and even into more distant fields like analysis and beyond. The
fundamental definition is that of a derived functor, pioneered by Grothendieck in his
Tohoku paper [16], which takes in a resolution of the object and returns an infinite
sequence of groups. In some sense this is an axiomatization of the idea of homological
algebra, and the notion and existence of derived functors are the fundamental objects
from this viewpoint.

However a lingering questions remains: what kind of resolution should we take?
Indeed there are resolutions by injectives and projectives, flat objects, free objects,
etc. and a remarkable and deep fact is that whenever two such resolutions are both
applicable, they give the same result for the derived functors. Grothendieck (and his
student Verdier, who developed most the theory below at Grothendieck’s direction) saw
this as evidence that the notion of a derived functor was not actually the central idea.
Rather, the resolution should be the object of focus. Following this line of though, it
becomes desirable to pursue a setting where the various resolutions of an object can be
though of as isomorphic, which as we are sure the reader is aware, a strictly stronger
statement then saying that the (co)homology agrees.

Moreover there are good reasons why one would prefer to works with resolutions
rather then with the (co)homology directly. Indeed we know from algebraic topology
that there are topological spaces where all (co)homology groups agree, yet the spaces
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are not homeomorphic. For an example one can consider the Poincaré homology sphere
as a example. On the other hand, it is a theorem of Whitehead that the corresponding
complex associated to the (co)homology actually detects the difference. This would
again suggest that the resolution or complex of objects is more fundamental then
the (co)homology. The natural place this leads is the derived category of an abelian
category. Originally it was developed as a tool for working with sheaves on a scheme,
and provided the natural place to formulate Grothendieck’s duality theory, which we
will briefly discuss later. Since then, they have become an important tool in their
own right as an invariant of schemes, and many current results hint that the derived
categories of a scheme contain far more data then we had previously thought. For some
examples of some of these results, see [23].

As a motivating example, let X and Y be varieties and f : X — Y a morphism. If
F is a quasi-coherent sheaf on X, choose an injective resolution

0+F I =>T"— ...,

which we know exists as the category of quasi-coherent sheaves has enough injectives.
Applying f, and taking cohomology, we get the higher direct images R’ f,F. If we did
this again to another morphism, say ¢ : Y — Z, and took high direct images, there is a
spectral sequence to compare the composition, i.e. Rlg,R?f, = RF9(go f),. How-
ever in the derived category, derived functors return a complex of objects (as opposed
to R'f,, which return a single object), and a simple consequence of the definition gives
that Rg. o Rf. = R(g o f).. This is just one of the many “miracle formulas” which
hold in the derived category but not in the ordinary setting of homological algebra.

Lets again look at an injective resolution of a sheaf F on a variety: 0 — F - Z°.
We can rephrase this in terms of a chain map of complexes, given by

> 0 > F > 0 > 0

[
s 0 > IO 5 Il N _'ZQ S L.

so then regarding F as a complex of sheaves, concentrated solely in degree zero, and

7°* as an abstract complex not associated to F which is bounded below, we see that

the map F — Z° is a chain map. By definition this map is a quasi-isomorphism, i.e.

a chain map which induces an isomorphism on cohomology. Then what we desire is a

category where F = 7° for some appropriate notion of isomorphism.

Definition 4.1. Let A be an abelian category and C(A) its category of cochain com-
plezes (where objects are cochains of objects in A and morphisms are chain maps). We
say a morphism of chain maps is a quasi-isomorphism if it induces an isomorphism on
cohomology. A morphism f : A — B is homotopic to zero if there is a chain homotopy,
i.e. a degree -1 morphism h : A — B, such that f = dgh + hd 4.

We denote by C*(A), where x = {4, — b}, the bounded below, bounded above, and
bounded versions of this category respectively. It is an easy fact that C*(A) is also
an abelian category, and we define the cohomology of a complex to be the ordinary
definition (i.e., kernel divided by image). This category is perfectly fine, and indeed
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much of homological algebra can be done in this setting, but for our purposes we want
to first pass to a slightly different category.

Definition 4.2. The homotopy category K*(A) has the same objects as C*(A) (where
x = {4+, —,b}), but morphisms are homotopy equivalence classes of chain maps.

A priori, is is not obvious at all that this category is well-defined. However recall
that Homew(4)(A, B) (we omit e signs on objects, but they should always be inter-
preted as complexes) is an abelian group, and it is not hard to see that the subset
Homoc*( A)(A, B) of chain maps homotopic to zero is a subgroup. Then we can just
define Homg+(4)(A, B) = Home«(4)(A4, B)/Hom%*(A)(A, B). Note further that since
homotopic maps induce the same maps on cohomology, the functor which gives coho-
mology descends identically to a well-defined functor on K*(.A). Hence the notion of
a quasi-isomorphism makes sense here. Some notational changes: we will occasionally
abbreviate quasi-isomorphism by “qis”.

While the homotopy category K*(A) is not abelian, it carries a related structure,
namely that of a triangulated category. The central thrust of this idea is two replace
exact sequences by so-called exact triangles. To define these, first note that there is
an endofunctor (—)[1] on K*(A), known as the shift functor, defined as follows: given
some object A, A[l] is the complex obtained by shifting the indices up by one and
changing the sign of the differential. That is, A[1]" = A"* and dap = —da. The an
exact triangle (sometimes exact is omitted) is a sequence of objects and morphisms of
the form

AL BS oA,

and a morphism of triangles is a triple of morphisms u, v, w such that

A—LsB 20—y An

P e e

AL g Lo S oA
commutes. In the case where u, v, w are isomorphisms, this is called an isomorphism
of triangles. Diagrammatically triangles are also represented as

A ! s B

(1] /

C

and can be visualized as a “spiral staircase” where C' — A[l] is a “step” upwards.

If we forget that we are dealing with the homotopy category briefly, and let (—)[1]
represent any additive autoequivalence, we can state the full definition of arbitrary
triangulated category.

-

Definition 4.3. Let KC be an additive category with an additive autoequivalence (—)[1].
By a triangle in K we mean a sequence

X =Y —Z— X[1].
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Such an additive category IC is called a triangulated category if it is in addition equipped
with a family of distinguished triangles, satisfying

(1) (a) X “X 50— X[1] is distinguished.
(b) Any morphism f: X —Y can be extended to a distinguished triangle.
(¢) Any triangle isomorphic to a distinguished triangle is distinguished.

(2) The triangle X Ly &g M X[1] is distinguished if and only if Y 2 Z KN

X[1] gL Y[1] is distinguished.
(3) If, in the diagram below:

X > Y > 7 > X[1]

R
X' > Y > 7' > X'[1]

the horizontal rows are exact and the left square commutes, then there exists
an arrow Z — Z' making the entire diagram commute.

(4) “The Octahedral Aziom”. We don’t use it here and so we won't discuss it,
but the statement can be found in say [23] or [10]. Intuitively speaking, it says
roughly that if one writes a distinguished triangle as A — B — C — T(A) by
imposing that C = BJA, then f defines a morphism BJA — C/A with cokernel
C/B.

Here are some formal properties:

Proposition 4.1. Let K be a triangulated category and A Lol All] a triangle.
Then any composition of two consecutive morphisms are zero.

Proof. Since we are free to “rotate” any triangle, it is enough to show that go f = 0.
Further, since shifting is an autoequivalence, it is also enoug to show that (g o f)[i] =
gli]o f[i] = 0 for some i € Z. We will show it for i = 1. As such consider the morphism
of triangles

B2 ot oap 2 g

bl o

c 45025050

where we can fill in the missing arrow by a morphism A[l] — 0 making the diagram
commute (by the axioms). Hence in the right-most commutative square, we have
(g o f)[1] =0, which is the claim. [

Proposition 4.2. Let K be a triangulated category and A Lptol All] a triangle.
Then for any object T there is a long exact sequence of abelian groups
-+« — Hom(T, A[i]) - Hom(T, B[i]) — Hom(7, C[i]) — Hom(7, A[i + 1]) — - --
Proof. Again by rotation, its enough to show that
Hom(T', A[i]) = Hom(7', B[i]) — Hom(T', C[i])
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is an exact sequence. By Proposition 4.1, we have g[i] o f[i] = 0, and hence the induced
morphisms (not to be confused with the pushforward functor later on) g.[i] o f.[i] :
Hom(T, A[i]) — Hom(T, C[i]) is zero also. Hence the triple above is a complex, but
now we must show its exact.

Take u in the kernel of g.[i]. Consider the following diagram of triangles

Tl—i] —25 0 —% T[—i+1] —% T[—i+1]

lu[—ﬂ lo lu[—i—l—l}

B2 o yoan — g

and by assumption on u, the left square is commutative. Hence we can fill in the
remaining slot with a morphism v : T[—i + 1] — A[1] making the diagram commute,
but this is exactly what we needed to show. [

Further, there is a notion of a “triangulated 5-lemma” and a notion of “split triangle”
(as in a split exact sequence). We leave these straightforward generalizations to the
reader. Alternatively, any books which discusses triangulated categories at any length
will have explicit statements (for example, [23]).

One may wonder what the relationship between abelian and triangulated categories
is in general. Recall that an abelian category is said to be semisimple if all short exact
sequences split. One example of this is of course C[G]-Mod if G is a finite group.

Theorem 4.1. Let K be a triangulated category which is also abelian. Then IC is
semistmple.

While we won’t discuss generalities any further, the proof of the above is surprisingly
simple once one has the notion of a split triangle.

Given all of this, we now want to expand on our remark that the homotopy category
K*(A) is a triangulated category. For this purpose an important construction will be
that of the cone of a morphism. Recall that given a morphism f : A — B between two
objects, one can construct a complex called the cone of f as C(f) = A[l] ® B, with

differential given by
—dy O
dogp) = ( f dB) :

We then claim that complexes isomorphic to complexes of the form
A— B—C(f)— A[l]

will be the exact triangles in our triangulated structure. There is an obvious short exact
sequence (in A) 0 - B — C(f) — A[l] — 0, which induces a long exact sequence in
cohomology, where the boundary map H'(A) = H'(A[1]) — H'"™(B) is exactly f,
(the induced map on cohomology). This shows that C(f) is acyclic if and only if f is a
quasi-isomorphism. Further, this sequence splits if and only if f is homotopic to zero
(this is actually a more general fact).

Theorem 4.2. Let A be an abelian category. Then K(A) is triangulated.
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We wont prove this, since at the very least, we have not given the full definition of a
triangulated category. But we can say some thing about the other axioms. Clearly the
shift functor gives an autoequivalence, and clearly K (.A) is an additive category. Note
that 1(b) and 1(c) in the axioms are trivial, using the mapping cone and our definition
of the triangles respectively. Now let A be any complex. The definition of C'(id) tells
us that that

n S 0N A AL @A
cf) = id A1 DA, = A @ A

d’n
A
is homotopic to zero via the map

0 id
e (0 )
This shows axiom 1(a).

For axioms 2, one needs to show that for a triangle
Al B o an,
the rotated complex
B o) oan Y B
is actually isomorphic to
B — C(f) — C(g9) — BI1].
We will not say anything about the other axioms. A complete proof can be found in

[40].

The inspiration for these specific triangles comes from the fact that if 0 — A EN
B % C — 0 1is a short exact sequence, then the map C(f) — C by first projecting to
B, then applying ¢ is a quasi-isomorphism. This naturally leads one to consider the
sequence

AL B o) = AN
where the maps to and from the cone are inclusion and projection respectively. We
saw already that Hom(7, —) applied to the triangle above we get a corresponding long
exact (in A) sequence of cohomology. Emulating this fact, any functor which takes
the triangle above to a long exact sequence in any abelian category is said to be a
(contravariant or covariant) cohomological functor.

The essential reason that we have followed this path so far is that of structure. The
goal is of course to find a category with the same objects as C*(A), yet the quasi-
isomorphisms are actually isomorphisms. The process of inverting a class of maps is
known as localization and in general it can be non-trivial. While there is always a
large category such that any class of morphisms is invertible, its not true that this
category has a good description, and even in well-behaved cases, it can destroy the
structure of the original category. If however we enforce the condition that our class
of morphisms which we invert satisfy some reasonable criteria, then it is plausible
(and indeed possible) that the localized category have some useful structure. The
solution in our case is to give up some of the abelian structure to obtain a triangulated
category (this was passing to K*(.A)), then inverting the triangulated category in such
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a way that the resulting category is also triangulated. This was done by Verdier,
and as such has the name “Verdier Localization”. The criteria that we enforce on
our morphisms roughly mimics the notion of a multiplicatively closed subset for the
standard commutative algebra process of localizing rings.

Theorem 4.3. The family of quasi-isomorphisms is a localizing class in the homotopy
category K*(A), i.e. if we denote by S the class of quasi-isomorphisms, then

(1) S is closed under composition and contains the identities;

(2) for any quasi-isomorphism s : Z — X and a morphism f : Z — 'Y, there exists
g: X = W and a quasi-isomorphism t : Y — W such that the diagram (and
the diagram with arrows reversed) below commute:

(3) for any f,g: A — B, the ezistence of a quasi-isomorphism s such that so f =
sog is equivalent to the existence of a quasi-isomorphism t such that fot = got.

These axioms are chosen so that when we invert quasi-isomorphisms, the process of
manipulating morphisms mimics that of fraction arithmetic. Indeed if s is a quasi-
isomorphism, and its “inverse” is s, then we can denote the composition f o s™! as
f/s. Then the first condition is simply saying that the unit is invertible and that the
product of invertible elements is invertible (this is the condition which is analogous
to multiplicatively closed). The second is a statement about common denominators,
and the third about the equality of “left” and “right” fractions. A key point here is
that quasi-isomorphisms form a localizing class in the homotopy category, but not in
the category of chain complexes (another reason why we pass to K*(.A) first). That
this gives a triangulated category, and agrees with the construction we loosely sketched
above is due to Verdier. Then we can define the derived category as the following:

Theorem 4.4 ([15]). Let A be an abelian category and K*(A) is homotopy category.
Then there is a category D*(A), the derived category of A, and a functor @ : K*(A) —
D*(A) such that

(1) if f is a quasi-isomorphism, then Q(f) is an isomorphism;

(2) if F': K(A) — C is any functor satisfying the first condition, then there is a

unique functor G : D(A) — C such that F = G o Q).

Moreover the derived category D*(A), where x = {4, —, b}, is the category with objects
the same as K*(A) (the same as C*(A)), and morphisms are defined as

HOI’I]D*(A) (A, B) = lim HOIHK*(A) (A,, B),
I
where 14 is the category whose objects are quasi-isomorphisms s : A — A and mor-
phisms are commutative diagrams
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A L

As we see, the existence and a universal property of the derived category is given
above. However the definition of the morphisms in this category is perhaps a bit
opaque. All it is really saying is that the morphisms are equivalence classes of “roofs”:

A B

where the left map is a quasi-isomorphism and the right map is an arbitrary homotopy
equivalence class of chain maps. Two such roofs are considered equivalent if there is a
larger roof above both of them. Explicitly:

D
Cl qis 02
o <
A B.

To show completely that this is a category we should show that there is an associate
composition law. While we leave the associativity to the reader (its similar), we will

instead show that the category is additive. Take two roofs A — B and B — C. We
can then form the diagram:

AyD\BVE\C.

It is then an axiom of the localizing class that we can “fill in” the middle to form a
larger roof, with the left map being a quasi-isomorphism, i.e.

qis \
qis \ gis \

A B C

and so the composition of the two maps is defined as the larger roof. To add morphisms,
take two maps in the derived category between A and B
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K’ N
X Y
A >< B
where we have “filled-in” the roof corresponding to the two quasi-isomorphisms (the
solid red arrows) with two more quasi-isomorphisms (the dashed red arrows). By the

axioms for a localizing class (Theorem 4.3), this square is commutative, and hence we
can replace it by a single morphism Z — A. Now we have the diagram:

Z

AN
~
N
N
AN
~

¢
Y
A B
where the red arrow comes from the commutative square, and two morphisms Z — B.

Denoting the morphisms (which factor through X and Y respectively) by ¢, ¢’, we can
add them since they are genuine morphisms in K (A). Hence the sum is defined to be

Z
A B

It remains to see that quasi-isomorphisms are invertible, however this is easier then
the additivity of the category, and so we implore the reader to check this fact them-
selves, as it’s an excellent exercise to get familiar with the techniques we exhibited
above. While you're at it, you may as well go ahead and check that cohomology is
well-defined on this category (hint: quasi-isomorphisms induce isomorphisms on coho-
mology). We can also exhibit the triangulated structure on D*(.A). This is defined
similarly to the homotopy category: given some object A, we define A[l] the same,
and for a morphism represented by a roof (s, f), the shift is the roof represented by
(s[1], f[1]). Then a triangles in D*(.A) are simply the image of triangles in K*(.A) under
the image of the localization functor.

¥
X

4.1. Derived Functors. Let F': A — B be a functor of abelian categories. If F is not
exact, then it does not carry acyclic objects to acyclic objects, and hence the extension
to a functor D(A) — D(B) does not make sense. If F' does preserve acyclic objects,
then still it is not obvious that it extends. However, we have the following.

Proposition 4.3 (Lemma 2.44, [23]). A functor F : K*(A) — K*(B) induces a
functor D*(A) — D*(B) whenever at least one of the following is true:

(1) under F a quasi-isomorphism is mapped to a quasi-isomorphism, or
(2) the image of an acyclic complex is again acyclic.
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However there are many situations where we would want a functor between derived
categories which may be associated to some functor which satisfies neither. As an
illustration, if f : X — Y is a morphism of varieties, we would want a “derived”
pushforward Rf,. It turns out that there is such a functor, which can be understood
as an approximation to f,, or perhaps more accurately as an extension of f,. As
above let F' : A — B be a left exact functor of abelian categories, and assume that
we have enough injectives in both. It is a fact that there is a natural equivalence
K*(Inj(A)) — D™ (Qcoh X) induced by the functor @ : KT (A) — DT(A) that this
is essentially surjective is obvious, since the category admits enough injectives, every
object is quasi-isomorphic to a complex of injective objects (there is some subtlety here,
as we should be working with complexes in K*(A), not in A itself, but let us not worry
about this). Fully faithful requires some elementary facts about homological algebra
which we will not repeat here, see Proposition 2.40, [23] for all of the details. Choose
a quasi-inverse ¢, given by choosing a complex of injective objects quasi-isomorphic to
a bounded below complex in D*(A), and let K(F') be the functor K(A) — KT (B)
induced by F. Given an object in D™(.A), we choose a quasi-inverse to the equivalence
earlier, resulting in a complex of injectives in K (Inj(.A)), and then apply the functor
K(F) to the chosen injective resolution. Since this takes injectives to injectives, this
induces a functor to the derived category by applying (5. Diagrammatically:

D*+(Qcoh X) —2E —» D*(Qcoh Y)

EL” %K(F)

K (Inj(Qeoh(X)))

We denote the composition by RF, and call the result the right derived functor of
F. Explicitly, if we wanted to compute this functor on some object A in DT(A), we
would choose an injective resolution I, then apply K (F')(1), followed by the localization
functor. However since the localization functor does not alter objects, the image of this
functor is just K (F')(I). Further, given some complex A in the derived category, we see
that almost by definition, the classical higher derived functors F' R'F : A — B can be
described as R'F(A) = H'(RF(A)). Analogously, we can (if we assume the existence
of enough projectives) also give the construction of the left derived functor of a right
exact functor of abelian categories.
However we have so far assumed that our categories have enough injectives/projectives,

which is in general far from true. To remedy this we will need the more general notion
in which derived functors can be constructed, that of an adapted class (see [21]).

Definition 4.4. Let F be a left (right) exact functor. A class of objects K C K*(A)
is called a left (right) adapted class for F if the following hold:

(1) F takes acyclic objects in C*(K) to acyclic objects,

(2) any object in A admits a momomorphism A — K (epimorphism K — A), K
an object in IC, and

(3) K is closed under direct sums.
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Further, the inclusion of categories i : K*(KC) — K*(A) induces an equivalence of
triangulated categories ® : K*(K)[Qis™'] — D*(A), where “Qis” is the localizing class
of quasi-isomorphisms.

Once we have such an adapted class established, the construction of the derived functors
goes word for word the same as when we had enough injectives as we demonstrated
above. Even further, the derived functor does not depend on the choice of adapted
class once we have existence, up to functor isomorphism [21]. If our abelian category
has enough injectives, then the class of injective objects forms a left adapted class
for all left exact functors. This captures the classical fact that for any two applicable
resolutions of of an object, the derived functors should agree.

Example:

Since we have not given an example in a while, let us now pause to discuss the
example of R Hom. Assume for now that A has enough injectives, and consider
the additive functor F' = Hom4(A, —) from A to the category of abelian groups.
It is a trivial exercise to see that this functor is left exact, but in general is not
right exact (in fact, it’ll be right exact for a complex of injectives, by definition).
The right derived functor is then denoted by RHom(A, —) : D*(A) — DT (Ab),
and the higher derived functors are

Ext’ (A, —) = R'Homy(4, —).
To see all of this in more detail, we first extend the functor Homy4(A, —) to one
on K*(A) by turning it into a complex via K Homy4 (A, B*) = Hom®(A, B*) (we
have emphasized the fact that these are complexes, but we will continue to omit the
indexing in most cases) where Hom'(A4, B*) = Hom (A, B") = Homp+(4)(A, B*[i]).
To extend this to a morphism of derived categories, we simply replace B with a

complex of injective objects I quasi-isomorphic to X, and then apply the extended
functor to get

Homfél(A, B) = H'(RHom(A, 1)) = Hom g+ 4)(A, I]i]) = Homp+ (4 (A, Bi]).

Note that this gives that Ext’y(A, B) = Homp+4)(4, Bli]) which is a nontrivial
statement!

Derived categories also provide a fertile ground for spectral sequences. See for ex-
ample the following result.

Theorem 4.5 (Proposition 2.66, [23]). Suppose A has a left adapted class for a left
exact functor F', and F maps this left adapted class to another left adapted class in B

for a left exact functor G. Then there is a natural isomorphism of functors R(GoF) —
RGoRF.

The proof of this is actually trivial (maybe the reader should try), but we will
postpone the proof until we are in the equivariant setting. If you actually wanted
to compute the classical derived functors from the above, one would need a spectral
sequence. Recall that a spectral sequence consists of the following data.

Definition 4.5. A spectral sequence is a collection ((E,,d,.),H"), n,r € Z, r > 1
of bicomplezes (E,,d,) and a collection of objects H™ called the limit of the spectral
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sequence, together with a filtration
-CF(H"YYC F"YH") C---,
such that

(1) each element of the complex E, satisfies EI' = @p+q ZEP pq €L,
(2) the composition of EP? — E, with d, defines a morphism

dP?: EPY — Ep+r,q—r+17
(3) there are isomorphisms
Dyq . p—7,q+r—1 p+1,q—T+1\ o [P
al®: Ker(Coker(d? ) — EF ) = BN,

(4) there exists ry such that d®? and dP="97"=1 are equal to zero for r > 1o (we say
the spectral sequence degenerates at o). The isomorphic objects E,., r > 1o are
denoted EP1, and

(5) for each p,q € 7Z, there is an isomorphism EP:? — gr?( HPT9), where the latter
is the p-th graded part of the associated graded ring to the given filtration.

We often write a spectral sequence in the following way: EPY — H". Note that
although we have required a spectral sequence to degenerate, not all authors require
this, and there are many valid examples of spectral sequences which do not degenerate.
Thus to compute both sides of Theorem 4.5, one would need to show for any complex
A, the existence of a spectral sequence EY? = RPG(RF(A)) = RPT(G o F)(A).

Example:

Lets consider an example from complex differential geometry, the Frolicher spec-
tral sequence (also sometimes called the Hodge-de Rham spectral sequence). Let
X be a compact complex manifold, and Q% the sheaf of holomorphic n-forms on
X. It is well known that this decomposes into a direct sum of sheaves

QY =2 Q81
where sections of the latter are called forms of type-p, . Along with this decompo-
sition comes the fact that we can write the differential d : Q% — Q% as d = 9+0,
where 9 : Q%7 — Q5 and 9 : Q%7 — Q%™ where each is a differential.
Hence (%%, (0, (—1)P0)) is a double complex in the abelian category of sheaves

on X, with a total complex (Q%,d). Now Dolbeaut’s theorem says that HP7(X) =
H q(X , %), i.e. that each column 0% is a resolution of Q% and each row QX° is

a resolution of @. Further, the total complex is a resolution of the constant sheaf
C x on X.
All together, this gives the Frolicher spectral sequence, which can be written

EYT=HY(X,0%) = H"(X,C),

and is X is Kahler, the spectral sequence will degenerate on the first page, giving
the famous complex Hodge decomposition

H"(X,C) @HQXQP

p+q=n




44

DYLAN SPENCE

which comes along with a fair number of other bells and whistles.

Example:
For an example which is closer to algebraic geometry, if we have a complex A
with a Cartan-Eilenberg resolution?, we get a related spectral sequence

EPY = RIF(AP) = RPYIF(A).

Consider the example for when F' = I'(X, —) for X a scheme, we can use this
spectral sequence to compute the Hodge numbers of a complete intersection X of
a quadric and cubic hypersurface in P3. Since this is a curve, its enough by Serre
duality to compute the cohomology of the structure sheaf Oy. We then use the
Koszul resolution (if the reader has not seen Koszul resolutions, we discuss them in
more detail later on when discussing the equivariant derived category of the plane):

0— OPS(—E)) — OpS(—Q) S%) O[pﬁ(—?)) — Ops — Ox — 0,

and the key observation here is that the structure sheaf Oy is quasi isomorphic
to the Koszul resolution. So we re-write it as A — Ox, where A° = Ops, A~ =
Ops(—2) & Ops(—3) and A~ = Ops(—5), and all others zero.

Now if we take F' = I'(X, —), this is a left exact functor, and hence we see that
the spectral sequence above translates into EY? = HY(X, A?) — HP"9(X,Ox),
where we have used that A = Ox in the derived category. Then arranging the E}
page in a diagram (where each entry is the dimension of the cohomology, entries

not listed are all zero):

3 4—0—0
2 0—0—0
1 0—0—0
0 0—0—1

-2 -1 0

we see that all arrows either start from zero or end at zero, and hence the spectral
sequence stabilizes on the first page. Summing the anti-diagonals, we see that
h'(Ox) =1, h'(Ox) = 4, which agrees with the result from that a canonical curve
of genus 4 is a complete intersection of a quadric and cubic in P3. By applying
Serre duality appropriately, we get the two other Hodge numbers for this curve.

%A Cartan-Eilenberg resolution of a complex A is a double complex C, together with a map
At — 040 satisfying:
(1) ¢ =0forj<0, , ,
(2) the sequences A* — C%0 — C%! — ... are injective resolutions of A?, inducing injective
resolutions of Ker dy, Imd’y, and H*(A), and
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(3) the sequences C*7 are split for all j.
In particular, whenever a category has enough injectives, such resolutions exist.

Now let X be a scheme, and let I'(X, —) : Ox — Mod — I'(X,Ox) — Mod be the
global sections functor. We know that the injective sheaves are an adapted class, and so
we can derive this to get the right derived functor RI'(X, —), along with H"(X, F) =
R'T(X,F) = H"(RI'(X,F)).

Example:

Let f: X — Y be a morphism of schemes. Then the composition of functors is
I(Y,—)o fu(—) =T'(X,—), and we find that the composition of derived functors,
by the previous theorem, is,

RI(Y,~) o Rf.(~) = RT(X, -).
The corresponding spectral sequence to compute both sides is
EY = HP(Y,RIf,F) = HT(X,F),

and this is a special case of the Leray spectral sequence, which we will discuss
shortly.

4.2. Derived Categories of Sheaves. Now let us specialize to the situation that
we are interested in. X is now a smooth quasi-projective variety, and we will focus
on the abelian categories of coherent and quasi-coherent sheaves. In general however
we will mostly be interested in the coherent case, as D(Qcoh X)) is usually too big.
Specifically, we would like to work with D°(Coh X), the bounded derived category of
coherent sheaves; for convenience let us introduce the shorthand D°(Coh X) = D?(X).
There are a few immediate problems however, namely injective objects are typically
quasi-coherent®, and we cannot take unbounded injective resolutions. For this reason
we will first work with D(Qcoh X), the unbounded derived category of quasi-coherent
sheaves. The idea is then to “approximate” the category of coherent sheaves by a
particularly nice subcategory of D(Qcoh X), denoted D , (Qcoh X) where an object
is a complex of quasi-coherent sheaves, and each cohomology sheaf #€*(F) is coherent
and #6(F) = 0 for |i] > 0. There is is natural injection D*(Coh X) — D? , (Qcoh X),
and under reasonable conditions, this is an equivalence.

Proposition 4.4 (Proposition 3.5, [23]). The natural functor D*(X) — D®(Qcoh X) is
a fully faithful functor of triangulated categories. It defines an equivalence with the full
triangulated subcategory D, (Qcoh X) of bounded complezes of quasi-coherent sheaves
with coherent cohomology sheaves.

Note that the cohomology sheaves #*(A®), which are the cohomology of a complex of
sheaves, is not the same as the sheaf cohomology of a scheme X, H'(X, A).

8They might not even be quasi-coherent actually, and so a completely rigorous treatment would
have us prove Proposition 4.4 below in the context of quasi-coherent sheaves. That is, the fully
faithful inclusion D?(Qcoh X) — D(Ox-Mod) is an equivalence with the subcategory of complexes of
Ox modules with bounded quasi-coherent cohomology sheaves.
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Proof. The natural functor (i.e., the inclusion) is obviously full and faithful. Now given
some surjective morphism G — F in Qcoh X, with F coherent, it is a fact that there
is a coherent subsheaf G’ C G such that the restriction G’ — F is still surjective.

Let G be a bounded complex of quasi-coherent sheaves with coherent cohomology
sheaves #°. Since the complex is bounded, we may assume that G = 0 for i large
enough. Now suppose that G’ is coherent for all i > r, for some r (certainly taking r
large enough is ok, as then the sheaves are all zero, hence coherent). Then the image
sheaf Imd” C G"*! is coherent, and since d" is surjective on its image there exists a
coherent subsheaf F] such that d"(F]) = Imd". We also get a surjection Kerd" — #€",
and by assumption, since the cohomology sheaves are coherent, there is a coherent
subsheaf F; of Kerd" which also surjects onto F#".

Now replace G" with the coherent sheaft F| & FJ = F" and replace G"! with
(d—1)~Y(F"). With this modification, we have not changed either #" or #"*1 and
now G* are coherent for all i > r — 1. By induction then we have constructed a complex
of coherent sheaves which is quasi-isomorphic to the original complex. |

The idea is then to derive all of our functors in the quasi-coherent setting, then
use this equivalence to pass to coherent sheaves. In particular this result holds for
any noetherian scheme of finite dimension, even if singular or otherwise. From now
on, we identify D°(X) with D, (Qcoh X), as in the latter (assuming our scheme is
regular and all that) we can derive our functors without worry, and we cannot in the
former. In the case of a regular scheme, one can reduce even further, as any bounded
complex of coherent sheaves is quasi-isomorphic to a perfect complex. Recall that a
perfect complex is a bounded complex of locally free sheaves of finite rank, i.e. vector
bundles. For many purposes, especially when the scheme in question is not smooth,
the subcategory D,.,r(X) of perfect objects (as defined above) is the preferred object
to work with.

Proposition 4.5. On an affine variety X, the category Qcoh X has both enough pro-
jectives and injectives.

Proof. 1t is well known (see for example Corollary I1.5.5 in [20]) that on an affine
scheme X = Spec A, Qcoh X is equivalent to the category A-Mod. Since this category
always has enough projectives and injectives (see [10]), we are done. |

This second result will help us only to some extent as we will later focus on the
(equivariant) derived category of C?, but its not true that the resolution of C?/G is
affine. So we will still need to worry about finding appropriate adapted classes to derive
all of our functors.

Direct Images (Pushforward). Let f : X — Y be a morphism of schemes, then
we know that the direct image of a quasi-coherent sheaf is quasi coherent ([20]), and
so if we use injective objects as an adapted class, we get a derived functor Rf, :
D*(Qcoh X) — D*(QecohY). Since H(Rf.(F)) = R'f.(F) are the higher direct
images, which are simply the associated sheaves to the cohomology sheaf, we know that
they must eventually vanish for ¢ > dim X by a result of Grothendieck. This means

that Rf, descends to a functor Rf, : D®(Qcoh X) — D’(QcohY). If in addition f is
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proper, then the higher direct images of a coherent sheaf are coherent (Theorem I1.8.8,
[20]). So then in this case we get a functor R f, : D?(X) — Db(Y).

Another adapted class is particularly useful, namely flasque sheaves. In general the
pushforward of an injective sheaf is not injective, to if we wanted to use Theorem 4.5
on a composition

xLy 4z,

we run into trouble, as the image of an injective resolution does not land in the adapted
class of injectives for g,. However it is true that the pushforward of a flasque sheaf is
flasque, and its an elementary exercise (see [20]) to show that this satisfies the axioms
to be an adapted class for the pushforward functor. Hence using flasque sheaves, we
do get a comparision R(go f). = Rg. o Rf,. This leads to the so-called Leray spectral
sequence

ER = HY(Y,R'f.F) — H""(X,F),

where F should be regarded as a complex of sheaves. If we take g : X — SpecC, then
this reduces to the special case we saw in the previous section.

Hom. Let F be some quasi-coherent sheaf on our variety X. Then it is an elementary
fact that the internal hom #om(F, —) is a left exact functor on Qcoh X. Since this
category has enough injectives, the right derived internal hom exists R #om(F,—) :
DT (Qcoh X) — DT (Qcoh X), with, by definition,

R €om(F,—) = H (R Hom(F,—)) = Ext'(F,—).

In particular, &xt'(F, £) is coherent if both F and £ are. If the variety is regular, then
the higher Ext’s will vanish, and restricting to the coherent sheaves yields a functor
R #om(F,—) : D’(X) — D’(X). Using this, we define, for a complex of sheaves F,
the derived dual F¥ = R #Com(F,Ox).

Tensor. For any two bounded complexes M, N of sheaves in C(Qcoh X), we can
define the tensor product as the complex M ® N with

(MeN) = @ MI@N*  di(a? @y*) = dy(2?) @ y* + (=1)7F 27 @ dp(yF).
Jj+k=i

On a smooth variety every coherent sheaf F has a finite resolution of locally free
sheaves £* — F — 0. Since locally free sheaves are flat, we use this to get a functor

(2% . DY(X) x D*(X) — D®(X). The classical higher derived functors are by definition
the Tor sheaves. Computing the derived tensor product on a finite free resolution shows
that it is commutative and associative up to functorial isomorphism.

Pullback. Now the functor f*: CohY — Coh X is given by F — f~'F Qf-10, Ox.
However it is an elementary fact that f~! is already exact! Hence it is enough to simply
derive the tensor product as above, and assuming that Y is regular (for our purposes,
both X and Y will be regular), we can again take finite locally free resolutions, and get
a functor Lf* : D*(Y) — D’(X). Further one can check (by replacing the complexes
by the correct adapted classes), that there is an adjunction Lf* 4 Rf,.
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4.2.1. Compatibilities. There are a many compatibilities between all of the derived
functors we have given so far, indeed many of these are referred to as “magic formulas”
of the derived category. Of all, by far the most important ones are that of cohomological
flat base change, the projection formula, and Grothendieck-Verdier duality. In this
section we will simply give their statements, any proofs will be delayed until we discuss
the equivariant setting (as the results there generalize these by taking the trivial group).
As such this section is mainly intended as a reference, but we have tried to be clear as
to how one would use these compatibilities in practice.

Proposition 4.6 (Cohomological flat base change). Consider a fiber square of algebraic
varieties

X xg8 —25 X

bl
g —2— S
Then for any complex of Ox-modules M, there is a natural morphism

LyRf M — Rf.Lj*M.

Moreover if M has quasi-coherent cohomology sheaves and either f or g is flat, the
above morphism is an isomorphism.

We wont prove this, but the proof can be found in any basic text on derived categories
of sheaves. The classical statement can also be found in many basic texts. The proof
of this essentially reduces to the proof that can be found in [20]. There is also a variant
where f is simply smooth and proper.

Proposition 4.7 (Projection formula). Let f : X — Y be a morphism of varieties.
For every compler M of Ox-modules and every complex N of Oy -modules, there is a
functorial morphism in D(Oy — Mod)
L L
Rf.(M)@N = Rf(MLFN)
which is an isomorphism if N has quasi-coherent cohomology.

The proof again reduces to the classical statement, the exercise can be found in [20].
Let us illustrate a scenario of use. Consider the product over SpecC given by X &
X xY Y, with structure maps sx and sy respectively. Then given F € D?(X) and

L
& € D*(Y), we consider the exterior tensor product 7% F @ 73-E. Then we apply Ry
to the exterior tensor product, then use the projection formula and base change:

L L
Ray. (mxF @ m3.€) = Ry iy F @ € = sy Rsx F Q€.

Now note that the product has sy o my = sx o mx as its structure map, so pushing
forward along the composition is the same as cohomology. Hence applying Rsy, to the
first and last expression above, and using the projection formula to simply the latter,

L
RI(X x Y, 7, F ® m.€) = RT(X, F) @ RI(Y, &),
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which is the Kiinneth formula. Since the global section functor lands in Vectc, the
tensor product on the right is actually an ordinary tensor product.

As we mentioned earlier, there are many other compatibilities between the derived
functors between derived categories of sheaves (the interested reader can consult [23]
for more), but the last result we want to discuss is that of duality. Recall the classical
statement of Serre duality:

Theorem 4.6 (Serre Duality, [20], Theorem 7.6). Let X be a projective scheme over
an algebraically closed field k, let wS be a dualizing sheaf on X, and Ox(1) a very
ample sheaf on X, then for alli > 0 and F coherent on X, there are natural functorial
maps

0" : Ext'(F,w%) — H" (X, F)*
such that the following are equivalent:

(1) X is Cohen-Macaulay and equidimensional,

(2) for any locally free sheaf F on X, we have H(X,F(—q)) =0 fori < n and q
large enough, and

(3) the maps 0° are isomorphisms for all i > 0 and F coherent.

Now let’s look at Serre duality in the context of the derived category. For simplicity,
lets assume that assume that the scheme is smooth. It obtains the particulary natural
form:

Hompx)(F,wk) = Homp(x)(Ox, F)".
Indeed we know that higher derived functors of Hom are the Ext groups, so this
meshes with what we’ve seen so far. Further, the right hand side is particularly simple,
as #om(Ox, —) is the identity functor, so taking global sections and using the local-
to-global spectral sequence gives you R'Hom(Ox, F) = H'(X,F) for a single sheaf
concentrated in a degree zero.

The left hand side can also be simplified, via the derived version of Hom-® adjunc-

tion. This turns out to be R Hompx)(Ox, F <§L§>w§<) Now since the scheme is smooth,
the dualising sheaf is simply the canonical sheaf wy, and so to recover the form of Serre
duality we need to shift by n = dim X. Plugging all of these simplifications in, we see
that we arrive at

HY(X,F@uwx) = H" (X, F).

A vast generalization of this is due to Grothendieck and Verdier. At the time there
was great interest in formulating a relative version of Serre duality. Indeed the absolute
version looks a little like an adjunction, and if you forget the indices and treat Ext as
Hom, then it looks like an isomorphism

Hom(Rf.F,&) — Hom(F, f'&).

The trouble is of course to make this intuition meaningful. Grothendieck announced at
his ICM talk that such a thing could be done, but the necessary homological algebra
had not yet been developed. This was the original motivation for the derived category.
There is a lot to say here, so we will just give the result and refer to [33] for a modern
proof.
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Theorem 4.7 (Grothendieck-Verdier duality). Let f : X — Y be a proper morphism of
schemes of finite type over a field. Then there exists a right adjoint f': D*(Y) — D¥(X)
to the functor Rf, and a morphism

0 : RER Homo, (F, '€) — RAom(Rf.F,Rf.f'E)
whose composition with the natural map of the adjunction:
R #om(Rf.F,Rf.f'E) = R om(Rf.F,E)
s an isomorphism, and is functorial in both arguments.

The natural map in the theorem above which arises from the adjunction is sometimes
called a trace map. Here is an example which of interest to us. Let f : X — Y be
a proper, smooth morphism of relative dimension n. Then can show that f'(€) =
[*(€) ® wx)y, where wy,y is called the relative canonical sheaf.

4.2.2. DG Categories. We should pause here to remark that there are also several new
approaches to the foundations which lead to a large number of improvements and strong
results. While the derived category of an abelian category is certainly a remarkable
object, there are a number of ways in which the derived category is problematic; one
could say that in passing to this localization one forgets too much data. For example: it
does not have limits or colimits (In fact one can show the existence of the weaker notion
of homotopy limits or colimits, but the derived category with only the triangulated
structure does not give a prescription for how to construct them.), and the existence of
the kernel or cokernel of a morphism is not guaranteed. Further, the derived category
as we have constructed it is unequivocally useless for local computations.

One such improvement is that of DG (differential graded) categories. This approach
begins with the observation that Homp4)(A, B) is actually a complex, with degree
n term Hompg(4)(A, Bln]). The differential on this complex is so that the zeroth co-
homology is exact the set of morphisms in K(.A). In general, a DG module over a
commutative ring is a Z-graded complex of modules equipped with a differential, and
the morphisms here are the obvious ones. Then a DG category is a category which
is enriched over the category of such DG modules, i.e., all the morphism spaces are
differential graded complexes. As we mentioned above, if C'is a DG category, there is
an associated category H°(C) whose objects are the same and the morphism spaces are
the zeroth cohomology groups. The category H°(C) is called the homotopy category,
in honor of the case where C' = R-Mod, then H°(C') = K(R-Mod). In this case, we
say that C'is a DG ehancement of H°(C).

It is not clear that we should be able to find a meaningful DG enhancement of
an arbitrary triangulated category, but in specific cases, we can often find natural
DG enhancements. As in the above for any ring R we can define the DG category
C(R-Mod) so that it gives an enhancement of the homotopy category H°(C(R-Mod)) =
K(R-Mod). In general, other derived categories of interest, such as derived categories
of quasi-coherent or coherent sheaves on a scheme X, possess similar dg enhancements.
In many useful cases as well, they are unique [33]. Indeed consider the DG category
C(Qcoh X)) of unbounded complexes of quasi-coherent sheaves on a variety X, and the
full DG subcategory A(Qcoh X) spanned by all the acyclic complexes. The quotient
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D(Qcoh X)) = C(Qcoh X')/A(Qcoh X)) is a DG enhancement of the category D(Qcoh X))
(note that we have denoted DG categories by calligraphic letters).

All of this is a mild increase in complexity, but the payoff seems to be enormous.
All of sudden, all functors between derived categories of varieties come from objects on
the product (integral transforms, which we will describe later), there are “categorical
resolutions of singularities”, derived categories can be glued together and computations
can be done locally, and they control the higher K-theory of the category. There are
further pushes to work with co-categories, but there is no hope of summarizing this
extremely active area, and so we will say nothing.

Some Final Remarks. While we have tried to make the above a fairly accessible and
useful introduction to the subject of derived categories, there are a near innumerable
number of topics which we have omitted. Any true devotee of the subject should read
the excellent book by Huybrechts [23], followed by more specialized literature. We
hope that any reader learning derived categories for the first time found our account
to be readable at the very least.

5. EQUIVARIANT SHEAVES

We would now like to turn our attention to the equivariant setting. There are several
references to this material. An introduction to this material (and what the first part of
the following discussion follows) can be found in [1]. A more serious introduction in the
topological case with constructible sheaves can be found in [2], and a good introduction
to equivariant sheaves can be found in the introduction to Chapter 5 in [(], and we
use all of these resources heavily. In perhaps more modern language one would use
quotient stacks here, but we hav elected to stay as concrete as possible, at the expense
of a bit of tedium in some instances.

Let G be an algebraic group (see Definition 2.1) and X a smooth complex variety
(quasi-projective), we denote by m : G x G — G and e : Spec k — G the product and
identity respectively, and by s : X — Spec C the structure map. Now endow X with
a G-action, so that it is a G-variety in the sense of Definition 2.2. If g € GG is a closed
point, we also regard it as the composition X & {g} x X - G x X 5 X.

We now want to discuss what is means for a sheaf to be equivariant. Typically when
one wants to study equivariant objects on a space X, it is equivalent to studying the
corresponding non-equivariant objects on X/G (or [X/G]). In our case however, with
X a variety and G an algebraic group, such a quotient may not exist or be nice. So
in order to try and capture this, we need to be more creative. Let us try to motivate
equivariant sheaves in terms of descent theory [13].

Consider the following problem: given an algebraic variety X, and an open affine
cover U;, with sheaves S; on each U;, when is there a global sheaf F on X such that
Flu, = S;? Suppose for a moment that such a sheaf existed. Then on the intersections,
F |UmUj = F |Uiji, and so it is certainly a necessary condition that we are equipped
with isomorphisms ¢;; : Sz‘lUmU]- — Sj|UmUj- This by itself isn’t enough to furnish such
an F however, as the definition of a sheaf requires one to factor restrictions through two
maps. In addition the isomorphisms above should be transitive with respect to triple
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intersections (so that if we were to specify an equivalence relation, we would actually
get one). Hence another issue lies in the triple intersections. On Usj, = U; N U; N Uy,
we see that Si|v,,, Sjlu,,., and Si|v,,, are all pairwise isomorphic, forming the triangle:

oY

J

o

Sk Uijk

Si

Usijk Usijk

We would like this triangle to commute, i.e., ¢, 0 ¢;; = @i on U,jp. Then once we
have these two conditions enforced, it is a striaghtforward exercise to show that F can
be constructed (see for example, [20]).

Lets now try to rephrase these conditions in a more relative setting. Consider the
variety (no longer irreducible), X’ = [[U;, and let 7 : X’ — X be the map which
is the inclusion on each U;. Now it should be clear that to give a sheaf S; on each
U; as above, this is the same as giving a single sheaf S on X’. The question can
now be rephrased as: does there exist a sheaf (of say, Ox-modules) F on X, such
that 7*F = S. Now the fiber product X’ xx X' = [[U; NU;, and so if p; and p,
are the respective projections, the double intersection property can be rephrased as
a given isomorphism ¢ : pjF — p5F. Now similarly to the above the triple product
X' xx X' xx X' = [[U; nU; NUg, and so denoting by p;; the projection to the
1, jth factors, the triple intersection property asks whether the given isomorphism ¢ is
compatible on triple intersections: pi;(¢) = pis3(¢) o piy(#), where the upper asterisk
indicates the pullback functor on sheaves. This condition is called the cocycle condition.

Given a quasi-coherent sheaf F on X', together with the isomorphism ¢ satisfying
the cocycle condition is called a sheaf with descent datum, and a morphism of such
sheaves (F, ¢) — (G, 1) is a morphism that commutes with ¢ and ¥ on X' x x X’. It is
a theorem of Grothendieck that this can be generalized outside of the scope of simple
glueing applications, namely if f : X’ — X is a so-called fpqc morphism, then the
category of quasi-coherent sheaves on X is equivalent to the category of quasi-coherent
sheaves on X', together with descent datum. For an equivariant sheaf, the idea is to
mimic this procedure. If we now let F be a sheaf of Ox-modules, then we have the
following definition

Definition 5.1. Let G be an algebraic group acting on a variety X wvia the action map
0:G x X — X, and consider the following diagram:

mXid

GxGxX —™  JaxX X.
~_ A"

23 T

Then an equivariant sheaf F is a pair consisting of a sheaf F of Ox-modules on X
and an isomorphism ¢ : o*F — w3 F subject to the cocycle condition

(m X id)" () = ma3(¢) o (id X 0)* ().
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If F is coherent, then this is referred to as a G-equivariant coherent sheaf, and we call
the resulting category of G-equivariant coherent sheaves Cohg X (or Qcoh, X if we are
dealing with quasi-coherent sheaves).

The structure sheaf Ox and canonical sheaf wx (when defined) are always G-
equivariant, for the simple reason that G acts by automorphisms, and both Ox and
wy are intrinsic to the variety itself. The situation in general can be complex, so to
greatly simplify the discussion let us now assume that the group G is finite (in prac-
tice many of the things we discuss work when the group scheme is discrete), made
algebraic as a constant group scheme. In this case, denote by ¢ x id the composition
X =2 {g} x X — G x X, and note that per our notation above, o o (¢ x id) = g and
me 0 (g x id) = id. Hence for a G-equivariant sheaf F, pulling back along (g x id) yields
(for the inverse isomorphism) (g xid)*y)~! : F — ¢g*F. This is a family of isomorphisms
denoted by v, : F — ¢g*F. This family of course needs to satisfy a few requirements.
By the definition of an action by an algebraic group, the morphism . must be the
identity, and since

Yon + F = (gh)*F = h*(g")F,
we see that 1y, = h*(1,) oy,

From now on, we will understand that an equivariant sheaf is a sheaf with the extra
datum of a family of morphisms satisfying the above (for example, written (F,)).
This takes care of the objects, but to actually define the category completely we need
to give the morphisms.

Definition 5.2. Let (F, 1) and (€, ¢) be two G-equivariant sheaves. Then a morphism
of equivariant sheaves f : (F,) — (&€, @) is a morphism of sheaves such that

e F

b s
g€ g*(f) g F
commautes.

Equivalently, we can define a G-action on the morphism sets Homop, (F, ) via g- f =
gb;l 0 g*(f) o1y. Then a morphism of G-equivariant sheaves is simply a morphism of
sheaves that is invariant with respect to this action. Hence we see that

Home((F, ), (€, 9)) = Homo, (F, €)°,

where we take invariants with respect to the action detailed above. This completes
the definition of the category of equivariant sheaves, and we denote the category of
quasi-coherent (coherent) equivariant sheaves by Qcohy X (Cohg X respectively).

Proposition 5.1 (Proposition 5.1.2, [10]). Qcohg X is an abelian category and has
enough injectives.

Example:
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Let 1 denote the trivial group scheme. Then we have the following equivalences
Qcoh; X = Qcoh X and Cohy X = Coh X. The (almost tautological) proof of this
is left to the reader.

An important and relevant example of this is where the action of a finite group G

is trivial on X. Although at first glance this might seem boring, this is a surprisingly
rich case, and is worth examining more fully.
Trivial Actions. If G is a finite group acting trivially on X (this means that o :
G x X — X is just the projection map), then the structure of a G-equivariant sheaf
€ is just a representation G — Aute, (£), that is, an action of G on €. Indeed each
isomorphism ¢§ : & — ¢*&€ is a morphism of equivariant sheaves, but we need to know
what the sheaf g*€ is. By definition, ¢*€ = ¢7'€ ®0, Ox = g~ '£. This latter sheaf is
precisely £, as it is the sheaf associated to the presheaf

U Jlim £(V) = E(o(D))

But since the action is trivial, this is precisely £(U). Hence an equivariant structure
is precisely a “representation” G — Aute, (€). Indeed every sheaf on X in thise case
can be endowed with an equivariant structure, simply by taking ¢, : £ — ¢*€ to be
the identity map. This makes sense by the above discussion.

We wish to pause here for a moment to warn the reader of a possibly misleading-
misconception. Namely the difference between the notion of invariant and equivariant.
To illustrate this, let € be a locally free sheaf and Sym(EY) the symmetric algebra
of its dual. Consider the vector bundle given by V() = Spec(Sym(EY)) — X. The
structure of a G-equivariant sheaf on & is the data of a family of isomorphisms Py € —
g*€& satisfying the cocycle condition, which clearly amounts to giving a vector bundle
isomorphism (by taking the transpose and the induced map on symmetric algebras)
g V() = X xx V(&) — V() (the former being the base change along g : X — X).
This then determines a morphism of vector bundles such that: the projection £ — X
commutes with the respective G-actions, that is, g € G takes E, to E,(,.), and the
map F, — E,4.) for any g is a linear map of affine spaces. Conversely, taking the
sheaf of sections of V(£), we obtain an equivariant sheaf, isomorphic to £ with its
equivariant structure (we leave it to the reader to prove this). The lesson here is that
given an action of an algebraic group, the notion of invariance is intrinsic once the
action has been fixed, while an equivariant structure is an extra set of data that needs
to be added “by hand”. This data need not be unique, and it is possible to have a
nontrivial equivariant structure on a sheaf even when the action on the space is itself
trivial.

When G is the trivial group we see that an equivariant structure is essentially nothing,
but when the group is not trivial, we in general do not get an equivalence Qcoh, X =
Qcoh X (or for coherent sheaves) even when the action by G on X is trivial. There
are two such functors which send a G-equivariant sheaf to an ordinary sheaf, the first
being the forgetful functor (which we will see later is a special case of the restriction
functor). The other is invariants, which only makes sense when the G action on X
is trivial. As the morphisms v, preserve stalks, we can define the functor of “taking
invariants” [—]¢ : Cohg X — Coh X, which one can check is well defined. Indeed as
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before we have that the equivariant structure is a representation of G, but since we are
taking invariants, the isomorphisms on open sets (@bgc)U 1 E9(U) — £Y(U) must be
trivial. Hence the global isomorphism must be the identity, this of course is the same
as saying that £ has an equivariant structure under the group 1, which we know is
just an ordinary sheaf. Even better, so long as the group is finite, [—]“ is an exact
functor (this follows from an argument using the “averaging operator” |G|~ g*,
which applies in any scenario where taking invariants makes sense).

The Representation Category

Consider when X = SpecC. Then since this variety is affine, Coh X = Vectc,
namely finite dimensional vector spaces over C. Since this variety is just a point,
every sheaf is constant, equal to its stalk at the unique point. Hence by the above
discussion, the structure of a G-equivariant sheaf V on X is the same thing as a
representation of G' on a vector space V, where V = I'(X,V). To see that the
morphisms are the same, note that by the definition of Homeon, x ((F, ), (€, ¢)),
any morphism must satisfy

¢g o f = f o %

as the action is trivial (hence ¢*(f) = f). But taking global sections, this is
precisely the condition that fx be a morphism of representations. Since X is a
point, this is clearly fully faithful.

All together then, we have shown that Cohg(SpecC) = Rep(G), the category
of finite dimensional representations of G. We leave it to the reader to check the
equivalent picture for representations of C[G] (as algebras).

We can use the above example to define a functor Qcoh X — Qcoh, X (we also
leave it to the reader to show the version of the example above for quasi-coherent
sheaves). In the literature this is sometimes denoted as (—) ® n. In particular, given
a group representation 7 : G — GL(V'), V some (possibly infinite dimensional) vector
space, we can view this as an equivariant sheaf on Spec C by the above. Given our
variety X, recall we denoted by s : X — SpecC the structure map. So define n on
X to be the equivariant sheaf s*n, where n is a representation of GG, regarded as a G-
equivariant sheaf on Spec C. We won’t show that this is equivariant, but the impatient
reader is encouraged to go see how equivariant pullback is constructed, using the group
homomorphism id : G — G. Given some non-equivariant sheaf £ on X, we can endow
it with an equivariant structure by applying the functor £ — £ ®n = & ® s*n. We
should actually check that this gives an equivariant sheaf. Since the action is trivial,
we set all morphisms 9, : £ = ¢*€ to be the identity, and so we can define a map

E@n— g (E®n)

by first applying id®g¢* and then applying the canonical isomorphism £& — ¢*£ tensored
with the identity. Hence € ®@n € Qcoh X (and similar for coherent sheaves). Further,
the pair [—]¢ and (—) ® C[G], where C[G] is the regular representation of G, are adjoint
functors (we write [—]¢ - (=) ® C[G]), that is,

ffeochth(gG, f) = %Ochohcx(g, F ® C[G])



56 DYLAN SPENCE

We will generalize all of this later.

Finally, since in the case of a trivial action an equivariant structure preserves stalks,
each stalk is then a C[G] module (as the action on Ox, is trivial, and Ox, is a C-
algebra). Hence this gives a version of Maschke’s theorem for G-equivariant sheaves.
Indeed given an equivariant sheaf £, it has a decomposition into “simple” objects S,
i.e., it must globally decompose

c=@s,

where each “simple” sheaf S; carries an action of GG according to the irreducible repre-
sentation which determines the decomposition. Hence we can write

E=Pewp,

where again p; are representations of G, and &; are ordinary sheaves. A special case of
this is the tensor product £ ® C[G] of an equivariant sheaf and the sheaf determined
by the regular representation. Using the decomposition above, this is easily seen to be
the identity functor on Qcoh, X, as tensoring a C[G| module with C[G] is the identity.
To make this even more transparent, on a G-variety X over C, one can show that there
is a sheaf of algebras Ox |G| such that the category of Ox|[G] modules is equivalent to
the category of G-equivariant Ox modules. We leave it as an exercise to the reader to
explain why is s : X — SpecC is the structure map, why C[G] = s*p,, is precisely
Ox|[G].

5.1. Back and Forth. Unlike the ordinary categories of sheaves, we cannot simply
push and pull lightly. We must be careful that wherever we end up, we have some way
of endowing our target with the appropriate equivariant structure. As we will see, this
is not a trivial task in general. In order to do anything however, the first notion that
we need is a morphism between varieties with a group action. This is handled in the
following.

Definition 5.3. Let X be a G-variety, andY a H-variety. Given a morphism f : X —
Y of varieties and a group homomorphism ¢ : G — H, we say that f is p-equivariant
(or just equivariant if no confusion can arise) if the diagram

Gx X 2 gy

bl
X —75 .y

commutes.

Note that if X is a G-variety and Y a H-variety, then the product X x Y is naturally
a G x H-variety. The first pair of functors that we will address are those of restriction
and induction.

Induction and Restriction. These are two of the functors which illustrate the es-
sential differences between the functors between equivariant categories and ordinary
categories. Given a subgroup H < G, we would like to define functors between the
categories
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/\
Qcohs X Qcohy X.
N~

This is accomplished by the Restriction functor Resg : Qeohy X' — Qcohy X and
the Induction functor Ind$ : Qcohy X — Qcohy X. Defining these functors is not
difficult. Indeed by assumption since H was a subgroup of GG, the restriction functor
Resg is simply a “partial” forgetful functor, defined by Resg ((€,%,),ec) = (E,y)gen-
This functor is trivially exact, and hence when we pass to the derived category, this
functor need not be derived.

The induction functor is slightly more complicated. Let H\G denote the space of
right cosets for H, and choose some transversal (a collection of representatives {g,},
one for each coset Hg). Then given an H-equivariant sheaf (F, ¢5,), we define

nd5((F,én) = €D ¢ F.

oceG/H

We should check that this is indeed G-equivariant. Indeed consider

g (Mmdf(F) = P g9:F = P (909 F.

oc€G/H oc€G/H

Since we can write g,g = h(g)g-(g) for some unique h(g) € H and coset 7, we have that

B (99 F= B (h(9)g:0)F= P giphl)"F = Indf(F),

ceG/H oc€G/H oc€G/H

where the last isomorphism was obtained via @cﬁggq). Hence we see that the equivariant

structure on this sheaf is given via permutations and the given isomorphisms {¢y, }.
We will see another construction of the induction functor later which will provide a
proof that the induction functor is exact, and furthermore a sheaf-theoretic version of
Frobenius reciprocity, after we have introduced the other related functors.
Pullback. To pullback an equivariant sheaf, we need an equivariant map. So then
assume that f : X — Y is an g-equivariant map between the G-variety X and H-
variety Y. Then the pullback of a H-equivariant sheaf F can be given the structure
of a G-equivariant sheaf via f*F : f*F — ¢*(f*F) = f*(©(g9)*F), where we use the
fact that f was equivariant to define the GG action in terms of the H action. This then
gives a functor Qcoh” Y — Qcohy X, which in particular this turns out to be a right
exact functor on the category of (equivariant) quasi-coherent sheaves, and descends to
a functor between the categories of equivariant coherent sheaves.
Pushforward. As before assume that f : X — Y is an g-equivariant map between
the G-variety X and H-variety. We may attempt to do something similar as the
above, namely use the G action to determine the H action via h*f.F = f.(¢*F),
yet this assumes that there is a ¢ mapping under ¢ to h. For this to work (i.e. to
give the required morphisms for all h € H) we need to assume that ¢ is surjective,
otherwise we do not get the desired equivariant structure. Once we do that, we still
have another problem, namely there may be many elements g which map to a given
h, so our equivariant sheaf on Y will still have a G-equivariant structure, and the
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structure maps associated to a single h € H may vary with g € ¢~1(h). To fix this, set
K = Ker g, and let £ be a G-equivariant sheaf on X. Now as we discussed the normal
pushforward f.€ is still G-equivariant, yet K < G acts trivially on Y (by definition,
as Y is a H-variety). Hence it is possible to take invariants with respect to K, and
we define the p-equivariant pushforward as fX& = (f,€)X. This then again defines a
left exact functor between the categories Qcoh, X — Qcoh? Y, called the equivariant
direct image. If in addition f is proper, then it gives a functor on the categories of
equivariant coherent sheaves.

If ¢ is not surjective, then we can define the induced pushforward fE., defined to
be the composition Indg(G) o fRere  Further the two functors fX and f* are still
adjoint. Indeed for £ € Cohg X and F € Cohy Y, and a p-equivariant morphism
f: X — Y, we construct the morphisms which give the adjunction, i.e., F — f.f*F
and f*f.€ — &£ in the same way as in the ordinary setting. Then we claim that these
have image inside the subsheaf of invariants already. Hence taking invariants does not
alter the adjunction.

Hom and Tensor. If we have two equivariant sheaves F and &, the internal Hom
FComeo, (€, F) also inherits the structure of an equivariant sheaf. Indeed fix the mor-
phisms 9, : £ = ¢*€ and ¢, : F — g*F. Then we have a morphism

O,y - Foomo (E,F) = g" Fomo (€, F),

defined by the composition 6, = qbgog*(f)m/zg’l for some f € #ome, (€, F)(U) on every
invariant open subset U C X. Taking global sections, it follows from the definitions
that Homqeon, x (€, F) = Home, (€, F)Y. In particular, we see that Home, (Ox, F) =
(X, F)¢ (regardless oof how G acts on X). We leave it to the reader to show that we
get for free equivariant structures on both kernel and cokernels of maps, hence giving
more evidence that we are dealing with an abelian category.

Now given two equivariant sheaves, F and &, the tensor product the structure of an
equivariant sheaf, by simply taking the tensor product of the isomorphisms given in
the definition. That is, ¢, ® ¢, : F ® € — ¢*(F @ £). One can check that the normal
adjunction between Hom and ® also holds here.

Example:

A particularly interesting example is the following. Let G be a finite group
acting freely on a smooth quasi-projective variety X. Then there is a geometric
quotient X /G, which is also smooth and projective. The projection map is sur-
jective and equivariant with respect to the action (as G acts trivially on X/G),
and hence one can check that the two morphisms 7* : Coh X/G — Cohg X and
7% : Cohg X — Coh X/G (where we identify Coh X/G with Coh; X/G) are equiv-
alences of categories. To show this, we follow the proof in [35].

Now from the adjunction above between equivariant pushforward and pullback,
we have natural morphisms F — 7¢7*F and 7*7¢E — E on sheaves on X/G
and X respectively. We simply aim to show that these are isomorphisms. Its now
enough to assume that X = Spec A and X/G = Spec A are affine. Thus we can
assume that F = M is simply a (finitely generated) module over A® and similar
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for £ = N. Then F — n¢7*F translates into the map
S M (M @46 A)°,
and 779 — E to
T:N°®@46 A— N.
Where M is an A® module, and N is a G-equivariant A module (see Definition
2.8). In particular, A is faithfully flat® over AY. Since the composition of unit and
counit from an adjunction is the identity, we see that

M®AGAS®;1¢(M®AGA>G®AGAL>M®AGA

must be the identity.

But by flatness, S is an isomorphism if and only if S®1 4 is, and hence its enough
to show that all T" are isomorphisms by the above. To finish this, we need to perform
a trick. Suppose for right now that the quotient is a trivial ”cover”. This means
that A is isomorphic as a ring to a finite sum @A, and G acts by simply permuting
the factors. Then a few moment’s inspection reveal that T : N© ® ¢ A = N, for
any G-equivariant module N. Hence to reduce to the case where the quotient
map is in a sense a covering, then we need to resort to completions to shrink our
neighborhood small enough (a more sophisticated approach would have us take an
étale neighborhood and argue from descent theory). So now for any = € X let
y =7(x), and B = Ox/q,. Hence it is enough then to show that

T®ls: (N®®pA) @B — N®pB

is an 1somorphlsm However since the group acts freely, one can see that A®pg B~
@gOX g(z) = >~ @B, which by the previous remark finishes the proof. Thus S and
T give the required natural transformation between the composition of push/pull
and the identity functor.

%Recall that a morphism of rings f : A — B is called flat, if this morphism makes B a flat
A module. That is, the endofunctor (=) ®4 B is an exact functor. A flat morphism of rings
f: A — Bis called faithfully flat if the induced morphism f# : Spec B — Spec A is surjective.

Let us now give a new interpretation of the induction and restriction functor, as well
as prove several of their mentioned properties. Consider a G-variety X and H < G a
subgroup. Suppose we have a sheaf F which is H-equivariant. We would like to induce
a G-equivariant structure on this. Of course, we could use the definition above, but
this is (for many reasons) a bit impractical and hard to prove things about. Instead
we use the following setup

Gx X "= GxHX
le \ la
X X
In the above we have consider the product G x X and endowed it with a free G x H-

action, where the action is (g, h)(¢’,x) = (9¢’h™*, hz). Experts sometimes refer to this
as “liberating” the action (i.e. making it free). If we then take the quotient of this
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(which exists, but we will not show it) with respect to the action of H, we get G x# X
and this inherits the action morphism ¢ where it is instead operating on orbits and
cosets. Hence o : G x# X makes sense.

Now for F (which is our H-equivariant sheaf), we see that p% F is naturally a G x H-
equivariant sheaf, and since the quotient by a free action induces an equivalence of
categories, there is a unique G-equivariant sheaf 7/ on G x X such that 7*F' =
pxF. Now since o is a G-equivariant map (equivariant with respect to the identity
morphism), we define ¢, F" = Ind% (F). Note that

Gx"x= ][ {o} x X,
c€EH/G

and so the sheaf F' is an H-equivariant sheaf on [G : H| number of copies of X, where
G acts by permuting the factors. Thus this proves that this new definition agrees with
the old. By the local description of ¢ : G x X — X, we see that o, is exact (the
map is affine). Since the projection px is flat, pullback p% is also exact; further any
equivalence of abelian categories is exact, hence the composition is exact and Indfl is
an exact functor.

The proof that Indg o Resg goes similarly to the case of representations of algebras,
so we omit it. See [2] for a more explicit description.

5.2. The Equivariant Derived Category. Now of course, we want to pass to the
derived category. By Proposition 5.1, the category Qcoh, X has enough injectives
and hence we can derive any left exact functor, but we still worry about finding an
adapted class for the right exact functors. On a regular variety, we could always find
a finite resolution by locally free sheaves, and hence could always derive such functors.
Thankfully, the existence of a finite resolution by locally free G-equivariant sheaves is
also guaranteed on a regular variety.

The difficulty in producing this resolution stems from finding a G-equivariant line
bundle which is ample. If the group is finite (our case), and the variety projective, we
can simply take O(1) and “average” by the group. However in the general case, this can
be tough. Thankfully the heavy lifting can be done for a quasi-projective G-variety in
this case, see Corollary 5.1.21 in [(] and references therein. As in the non-equivariant
case, the presence of an ample line bundle allows one to realize that one a smooth
quasi-projective variety, any G-equivariant coherent sheaf F is the quotient of a locally
free G-equivariant sheaf. Taking the three term resolution:

Ker ¢ — F; ib»]:.

Applying the same lemma to Ker ¢, we get free resolution of G-equivariant sheaves,
which must terminate due to Hilbert’s Syzygy Theorem (on a smooth variety).

Once we have done this, we are free to pass to the derived category of Qcoh. X with
all of our (equivariant) derived functors

X L
RfY LY, R¥#om, and ®

intact, where K refers to the kernel of a group homomorphism ¢ : G — H and f a
p-equivariant map from X to Y, as well as the functors [—]% (which is exact, hence
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taking invariants of a complex is the same as taking invariants of each term) if the
group acts trivially. We also get Indg and ResZ when H < G is a subgroup, as both
functors are exact and so trivially extend to the derived category.

Definition 5.4. Let X be a smooth G-variety. Then we define D%(X) = D?(Cohg X).

By definition, objects of D%(X) are bounded complexes of coherent G-equivariant
sheaves with invertible quasi-isomorphisms. There is a similar equivariant embedding
of derived categories as in Proposition 4.4, which is due to [10]. We will give it here.

Proposition 5.2 ([10]). Let C C D®(X) be the subcategory consisting of objects of
DY(X) equipped with a G-equivariant structure and G-invariant morphisms. That is,
complexes of sheaves with isomorphisms ¢, : € — g*E satisfying the same conditions
given in Definition 5.1. Then the canonical functor D%(X) — C taking an object to
itself is an equivalence of categories

Proof. Send D%(X) to the subcategory C consisting of G-equivariant objects in D°(X)
(= D, (Qcoh X)), i.e. bounded complexes € in D(X) with isomorphisms )\, : £ —
g*€& for all g € G satisfying the definitions for the object to be equivariant, and invariant
morphisms. Since taking invariants is exact, we see that Hompy (x)((€,A), (F, p)) =

Home(X)(E,]:)G. To show the functor is essentially surjective, taking (£,\) in C,
choose a bounded injective resolution £ — I, which since these are isomorphic in the
derived category gives an equivariant structure on 7, hence (I, \) is an object of C, which
is a complex with an equivariant structure on each sheaf, and hence C = D%(X). N

Note the utility of this result, as by accident, we have shown that D% (X) is equivalent
to the subcategory D, (Qcoh X) of quasi-coherent sheaves with bounded coherent
cohomology and a G-equivariant structure. An alternative proof of this follows exactly
the proof of 4.4. Indeed the primary lemma in the ordinary proof is that given a
surjection of quasi-coherent sheaves £ — £, with F coherent, then there is a coherent
subsheaf & C & such that the restriction & — F is still surjective. In the equivariant
setting, G-equivariant quasi-coherent sheaves are still quasi-coherent in the ordinary
sense. Hence we can still find a coherent subsheaf and since the category is abelian
this inherits the equivariant structure. Thus the same proof (almost verbatim) goes
through.

5.2.1. Equivariant Functors and Compatibilities. In this section we will try to present
many of the properties we have so far taken for granted in the derived category of
sheaves. Notability the Grothendieck spectral sequence, base change, projection for-
mula, etc were all “left to the reader” earlier, but in this setting we would like to have
at least some satisfactory sketch of the proof. While we could also have left this “to the
reader”, there are some subtle issues in teh equivariant setting, so it is worth hacing
a more systematic discussion. The first thing we wish to do is give the equivariant
version of the Grothendieck spectral sequence.

Proposition 5.3. Let X, Y, and Z be G, H, and K-varieties respectively. Given
two surjective group homomorphisms ¢ : G — H and ¥ : H — K, as well as a p-
equivariant map f : X — Y and a y-equivariant map g : Y — Z. Then we have an
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isomorphism of functors
R(go /)S0°9) = RgKr® o RfKT

The proof of this is surprisingly simple once we have checked the conditions in The-
orem 4.5. All we need is that RfX°"¢ maps its adapted class into the adapted class
for Rgier¥. However as before pushforward does not map injectives to injectives, so
we need to instead use G-equivariant flasque sheaves. The notion of a G-equivariant
flasque sheaf is the obvious one, so we will not belabor the point, rather we hope that
every G-equivariant sheaf admits a resolution by G-equivariant flasque sheaves (which
are obviously an adapted class for fX°r#). The obvious construction is of course the
Godement resolution. Since this is not discussed in many standard texts on algebraic
geometry, we begin by reminding the reader of the Godement resolution in the non-
equivariant setting.

Let F be a quasi-coherent sheaf, then we define a new sheaf &°(F) by the assignment

" (F)(U) =[] Fxa
zelU
Note that elements of &°(F)(U) are all functions s : U — [],.; Fx., such that
s(x) € Fx,. One can check (easily) that this is a sheaf, with the restriction maps
being actual restriction of the functions s. Hence one can also easily check that this
sheaf is flasque, and that the functor &° is exact (the diligent reader will work out
what happens to the morphisms).

Now we construct an injection F — &°(F) in the following manner. Let U be open,
then define F(U) — 6°(F)(U) by sending an element s + (s;).ey. That this map
is injective is obvious. To show now that we have a resolution by flasque sheaves, we
proceed by induction, the base case being the above. So suppose we have a flasque
resolution

n 0 d() 1 dl 2 dk71 k
0O=+F —=6F —=6F —6F — ... —6"F
Now define &*+1(F) to be &°(Coker d*~1), and note that this sheaf is automatically
flasque, and so we define d* : &*F — &*+1F by the composition

&"F — Cokerd" ' — &"F = 8°(Coker d* 1),
which gives the desired exactness as the second map is injective. This (in the classical
setting) allows us to construct a flasque resolution of any sheaf.

Lemma 5.0.1. The category Qcoh, X has enough flasque sheaves.

Proof. In the equivariant setting, this is more or less trivial. Define &°F the same way
and note that since F was a G-equivariant sheaf, so is &°F. Indeed since we had a
family of isomorphisms v, : F — ¢*F, we have isomorphisms of stalks 1, , : F = Fyq.
Hence on every open set the isomorphisms

[ Y :®(F) = g°6°(F)

define an equivariant structure on the Godement sheaf. We leave it to the reader to
show the cocycle condition. Further, the morphism F — &°F is still injective (as a
morphism of G-equivariant sheaves). To check that its a morphism of G-equivariant
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sheaves, denote this morphism by f(F,v) — (8°(F),[[v), then we require that
g-F=1lex 1[)9—1 o g*(f) oty = f, so let us compute the left hand side. We find

[Tv, eg(f)ovy: F—gF—g&'F—&"F,
zeX
which on stalks is the composite map

id
Fo = Fgo = Fgo — Fu,

which is easily seen to be the identity. Hence the morphism f(s) =[] s, is G-invariant.
Then the same argument from here on shows the result for Qcoh, X. |

Now we can prove Proposition 5.3.

Proof of the Equivariant Grothendieck spectral sequence. Let X, Y, and Z be G, H,
and K-varieties respectively. Suppose we have two surjective group homomorphisms
¢p:G— Hand ¢ : H— K, and a p-equivariant map f : X — Y and a vy-equivariant
map g : Y — Z. Let the adapted class for the derived pushforward be G-equivariant
flasque sheaves and let F be a complex. Then Rgke¥ o RfKe¢(F) is computed by
choosing a flasque resolution of F, and applying the normal pushforward:

RfS(F) = [29(6°F).

Ker ¢

*

Rl VoR [ (F) = gier¥(7Ker0(8° F)) = (go K57 (6" F) = R{go )" (F).
[

Since the resulting complex is Rg adapted, we see that

There is of course a corresponding similar result for L(go f)* = Lf* o Lg*, which we
leave to the reader to work through. The above isomorphism of functors again works
more generally, so long as we have the condition that the first preserves the adapted
class for the second. As before, this implies the existence of a spectral sequence which
computes the composition in terms of the often easier to understand smaller pieces.
Lets take a look at an examples of this more general spectral sequence.

Equivariant Cohomology

Consider the composition of functors [—]¢ o I'(X,—) = I'(X,—)%. This is a
left exact functor, and hence taking an injective resolution gives the right derived
functors RI'(X, —)¢ : D%(X) — Vectc. The cohomology spaces of a G-equivairant
sheaf F are denoted by H5 (X, F) and are called the G-equivariant cohomology of
F. If one were to re-build the theory of derived categories in terms of constructible
sheaves (and many have, there are several canonical sources on the subject), then
we could take F = Cx the constant sheaf on X, giving the G-equivariant singular
cohomology of X (in the analytic topology).

In the case of quasi-coherent Ox-modules, the functor [—] of taking invariants
is in general left exact, and since the global sections of an injective sheaf is an
injective module, we have that we can use the spectral sequence corresponding to
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Proposition 5.3 to conclude that
EY? = RP[R'T(X, F)|“ = HL'(X,F).

In the case that G is finite (more generally, we need the non-modularity condition,
i.e. that |G| does not divide char k), then we know that [—]¢ is exact®, hence all
classical higher derived functors vanish. This immediately gives

HL(X,F) = H(X,F)°.
A similar train of thought shows that when G is finite, the groups Extl(F, &) &
Ext'(F,€)¢ (recall that by definition, Homqeon,, x (F,€) = Home, (F,E)%). We
can relate this further to things that we know. Namely recall that for any Z[G]|
module M, we can define the group cohomology with coefficients in M as the right

derived functor to M — M¢. Hence the above spectral sequences relate the group
cohomology to the sheaf cohomology via:

HP(G,HY(X,F)) = HY(X,F),  HP(G,Ext'(F,E)) = ExtZ'(F,E).

Further, if G now acts trivially, the functor [—]“ is defined on sheaves, and a similar
argument proves that HL (X, F) = H/(X, FY).

%This is not true for arbitrary sheaves of abelian groups.

Now let us turn to other compatibilities between derived functors. The first is is a
simple generalization of the adjunction Lf* 4 Rf, in the ordinary case. As we will
see (and this is one of the really nice things about the derived category) that many
statements about nontrivial relations between sheaves (or just aren’t true in Cohg X)
turn into near trivialities due to the ability work with derived functors.

Proposition 5.4. Let f : X — Y be a proper p-equivariant morphism of smooth G,
H -varieties respectively with ¢ : G — H a surjection. Then Lf* A RfKe¢ j.e.

HOmeG(X)<Lf*_/—", (‘:) & HomD’}{(Y) (J’-" Rfi(ergoé»).

Proof. We may freely assume that F is a complex of locally free sheaves and £ is a
complex of injectives, quasi-isomorphic to F and & respectively. Then the statement
reduces to the statement f* - fXr¢ which was discussed earlier. [ |

We also have the equivariant projection formula. Which as before goes in much the
same way as the ordinary case.

Proposition 5.5. Let f : X — Y be as above. Then in D4 (Y), we have an isomor-
phism
L L
RfET?PEQ@ F 2 RfET?(EQLIF)
for € € DL(X) and F € Dy (Y).

Proof. As above we can assume that F can be replaced by a complex of locally free
sheaves and &£ replaced by injectives. Then this reduces to the statement that

fRreE @ F 2 o€ @ [ F),

which follows from the (underived) projection formula. Technically speaking there is
something to check here as it may not be clear that the projection formula holds in the
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equivariant setting. However the proof relies on the push-pull adjunction and a local
argument, so a little care and Proposition 5.4 gives the claim. We leave the verification
to the reader. [ |

We hope the reader is beginning to see a pattern in how these compatibilities are
proven. The next is a version of flat base change for the equivariant derived category,
whose proof requires a bit more care, but is otherwise similar.

Proposition 5.6 (Equivariant cohomological base change). Consider a fiber square of
(finite) algebraic groups, and a fiber square of algebraic varieties,

KXHG—J)>G nyX—g>X
L
K—"—H 7 —2 =Y

where X 1s a G-variety, Y a H-variety, and Z a K-variety, and assume that p and ¢
are surjective and all morphisms of varieties are equivariant with respect to the corre-
sponding group homomorphism. Then @ and ) are surjective, with Ker p = Ker ¢ (=
K ), and there is a morphism of functors

LyRfXE - RfELG*E.
Further, if g is flat, this is an isomorphism for any € € D%(X).

Proof. The statement involving surjectivity and kernels of the group homomorphisms
is easy to verify, so we leave it to the reader. Now the morphism of functors

Ly'RfFE - RfFLg €
can be obtained in the following manner. By Proposition 5.4, there is a natural mor-
phism & — RgEe¥Lg*€, which induces a morphism
RfXE - RFFRGEVLGE = RgEVRFFLGE.
Now again by Proposition 5.4, this corresponds to a morphism
Lgy'Rf5E — RfELg €.

Now we check that it is an isomorphism. Since £ has coherent cohomology, we can
check this locally, and so we can assume that g and g are affine morphisms (so that
the pushforward is exact). Further by assumption they are flat. Then it follows that
we can simply check the further induced morphism

G (L RIKE) = g5V (RFEGE) = RFX (g5 Vg°€),

*

but since tensoring with the structure sheaf is the identity functor, the projection
formula tells us that checking that this is an isomorphism is the same as checking that

RIKE® g8 V0, — RIE(E @G5 Orpy x)

is an isomorphism. But this happens exactly when gfe“[’OZXY x = f*(gRr¥0y), which
can be checked directly. [ |
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We list a handful of other compatibilities, which hold in both the ordinary and
equivariant derived categories. We will leave it to the reader to sketch the proofs.

Proposition 5.7. Let f : X — Y be a @-equivariant morphism of smooth G, H -
varieties respectively. Let K € D%(X) and M, N € D%(Y), then

(1) LEMELFN 2L (MEN),
(2) Lf* R #omeo, (M, N) =R FHom(Lf*M,Lf*N),
(3) the derived dual KY = R ¥ omo, (K,Ox) € D&(X) and

KV 2K, KON = RHAomo, (K,N),

(4) moreover R#omeo, (M, N) oK = R Home, (/C,NG% K).

As one can see, roughly speaking whenever there is a relation between the functors
K f*, ®, and #€om which holds for some special class of sheaves (locally free, flasque,
etc), then so long as these sheaves form an adapted class, the resulting formula is true
in the derived category for arbitrary complexes (and derived functors). We omit the
remaining formal compatibilities on the grounds that they are of lesser importance for
our original goal, the derived McKay correspondence. Many introductory sources on
derived categories of sheaves contain a more complete list, many with complete proofs.
There is one more relationship that we should dicuss, which as before is not a simple
formal consequence of the definition of derived functors, namely it is the equivariant
version of Grothedieck-Verdier duality, proven in this case by [35].

Theorem 5.1 (Equivariant Grothedieck-Verdier duality). Let f : X — Y be a proper
p-equivariant morphism of schemes of finite type over a field. Then there exists a right
adjoint fHEer¢ : DY(Y) — Db(X) to the functor Rf. and a morphism

0; : RER Homo, (F, K7€) — RAHom(RfF,Rf. fHET2E)
whose composition with the natural map of the adjunction:
R #om(Rf.F,Rf. f'K7%E) = RFom(Rf,F,E)
is an isomorphism, and is functorial in both arguments.

As before fH%er¢Oy will be the G-equivariant dualizing complex for f, and whenever f
is a proper smooth map? of relative dimension r, f"KvQy = w x/y|—7], where we give

L
wx,y the natural G-equivariant structure. In particular, frRereg — frE @ wx/y =]
If we take f : X — SpecC to be the structure morphism, £ = Ogpecc, and F a locally

9Recall that a morphism f : X — Y of schemes of finite type over a field is said to be smooth of
relative dimension r if
(1) f is flat,
(2) f maps irreducible components of X of dimension n; into irreducible components of Y of
dimension n; 4+ r, and
(3) the k(x)-dimension of the vector fiber Qx /vy, ® k(z) of Qx/y is r for all points z € X.
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free sheaf, then the isomorphism in the statement of Grothendieck-Verdier duality
simplifies (via a spectral sequence) to

HL(X, FY @ wx) 2 ExtL(F,wx) = Hy, (X, F),
which is the classical statement of Serre duality (combined with taking G-invariants).

5.3. The Affine Plane. So far we have spent a considerable amount of effort to
describe the basics of equivariant derived categories on a general variety. For our
purposes however, we are interested purely in the case when X = C2, so let us turn
to that now. Let G be a finite subgroup of SL(2,C), and let G act tautologically on
C? = Spec C|z, y]. Since Qcoh C? = Cl[z, y]-Mod, we expect that Qcoh C? will also be
a module category over some ring. Of course the right guess is that of a G-equivariant
module (see Definition 2.8).

To see why this is a reasonable guess, let M be a G-equivariant sheaf on C2. Then
for any g € G, we have an isomorphism on global sections v, : I'(C?, M = I'(C2, g*M).
Since the latter module is canonically the same as the former (denoting both by M), we
claim that M admits a structure of a G-module. Indeed the morphism ¥ : Gx M — M
defined by W(g,m) = 1,(m) satisfies the axioms for an action, as can be checked
directly. However there is more to show; recall a G-equivariant R-module M is an
R-module that has an action by G, such that the multiplication map R®@ M — M
is G-equivariant: g(rm) = g(r)g(m) for all r € R, m € M, and g € G. So now let
f € C[z,y] and consider W(g, fm). This is by definition just 1, (fm) € ['(C?, g*M) =
Clz, y] ®clzy) M, where of course g acts on Clz,y| via its tautological representation
on functions on C?, and since everything in sight is equivariant, we see that M is an
equivariant module. Comparing the two definitions of morphisms (that of equivariant
sheaves and equivariant modules), we see further that this gives an equivalence of
categories.

The obvious corollary to this is via Proposition 2.4,

Corollary 5.1.1. There is an equivalence of categories
Qcohg; C* =2 C[z, y]-Modg = Clx, y]#[G]-Mod.
Hence
D(C?) = D'(Cla, y|#(G)-mod),
where the latter is the derived category of finitely generated® modules over the crossed
product algebra.

This is certainly a nontrivial simplification, and can assist in giving very explicit
descriptions of the derived category in many cases. More generally, we saw earlier
that on a (quasi-projective) variety where the group acts trivially the equivariant Ox
modules were simply Ox[G] modules, but now we see the generalization to when the
group does not act trivially. Indeed if X is any variety upon which a finite group
acts, then there is a coherent sheaf of algebras Ox#[G] on X such that the category
of Ox#|[G]-modules is equivalent to the equivariant Ox modules [5]. We won’t use
this fact much, but it is nice to have such a clear characterization of the objects we

« 2

Orndicated by the lowercase “m” in mod.
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are dealing with and have such a nice parallel to the representation theory of algebras
which we discussed earlier.

Lets try to use this equivalence to explore more about the equivariant derived cate-
gory on C2. The category C|x,y]-Modg has many nice properties as a benefit of being
a category of modules. In particular we have that this category possesses both enough
projectives and injectives. Considering the case when G = 1, the finitely generated
projective objects in this category are precisely the free modules by the Quillen-Suslin
theorem. For this reason one would expect that the presence of a nontrivial group
action would only restrict this class further, i.e., there are no non-free projective ob-
jects when G is nontrivial. Indeed since G is a finite group, invariants is an exact
functor, so Homg(—, —) = [~]¢ o Hom(—, —); moreover an object P is projective if and
only Hom(P, —) is exact. This immediately implies that a G-equivariant R module
is projective if and only if it is projective as a R module. Another more geometric
way to see this is to recall that a finitely generated projective module corresponds to
an algebraic vector bundle over an affine scheme. Since these are all trivial (by the
Quillen-Suslin theorem again), and an equivariant structure is additional data, we see
that any equivariant projective module is free. Further, an elementary computation
will show that any free module is projective (although the analogue for locally free
sheaves and projective sheaves is strikingly false).

However we have not used the fact that a G-equivariant C[z, y| module is equivalently
a C[z, y|#[G] module, and this viewpoint gives us slightly more information, as they
are modules over a larger ring. If R is any ring (say over C) with a G action, a left
R#|G] module M is nothing but an R module with a compatible action of G, in the
sense of an equivariant module. Since we can define an action (r ® g)(s) = rg(s) for
all 7 and s in R, R itself is a left R#[G] module; of course, R#[G] is also a left module
over itself. By definition, a morphism of R#[G] modules is a morphism which is R#[G]
linear, so in particular we have

Hompgy(c (M, N) = Homg(M, N)€.

As before since taking invariants is exact, the spectral sequence for the composition of
derived functors collapses immediately, and we get

Exthue (M, N) = Extyp(M, N)¢,
just as with the equivariant case. This immediately proves the following:

Proposition 5.8. M is projective as a Clx, y|#|[G] module if and only if M is projective
as a Clx,y] module.

More can be said however, we can relate C|x, y|#[G] modules to representations of
G. Let M be in Clz,y]#[G]-Mod, and let V' be in C[G]-Mod. There is a natural
action of the skew group algebra on M ®¢ V' by the diagonal action: (r ® g)(m®v) =
(r ® g)(m) ® g(v), which arises naturally from the group algebra C[G] = [[ End(V}).
Now define a functor C[G]-Mod — Clz, y]#]G]-Mod which sends a representation V'
to the module C[z,y] ®c V. For any representation V', restriction of scalars gives
that Clz,y] ®c V is a free C[z,y| module, and hence projective. This induces an
equivalence between the projectives in Clz, y]#|[G]-Mod and C[G]-Mod (in particular,
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since the ring is semisimple, all C[G] modules are projective). Further, this induces
a bijection between the isomorphism classes of indecomposable projective C|x, y|#[G]
modules and isomorphism classes of simple representations of G.

In particular since the variety C? is smooth, every quasi-coherent sheaf admits a
finite resolution by locally free sheaves (= projectives in this case), the length bounded
by the dimension (= 2). There is an obvious candidate for resolving such sheaves
associated to a local complete intersection, namely the Koszul resolution. We had
used this resolution before in an example of a spectral sequence, but let us now pause
to describe it in more detail. Let £ be a locally free sheaf of rank n on a (smooth)
variety X, and let s be a global section of £. As such s determines a morphism Ox — &,
and as such a dual morphism d; : £¥ — Ox. The image of d; is an ideal sheaf, which
determines a closed subscheme called the zero scheme of s. We can define the Koszul
complex relative to s to be the complex K (s):

n n—1 1
0—>/\8V—> /\SV—>---—>/\EV$(9X—>0,
where the morphism d,, : AP£Y — AP~ €Y is defined by

p
dp(ti Avoty) =3 (=17 () by Av e A A+ Ay,
j=1

and the hat means omission.

Take some point x € X. Then the stalk &, is a free module over Ox,. Taking a
basis, we can represent s as a sequence ar, ..., a,, of elements of Ox ,, and then the stalk
of K (s) is precisely the classical Koszul complex associated to a regular sequence K (a)
(see [12]). So we see that is x does not belong to the closed subscheme determined by s
(the zero scheme of s), the sequence above is exact. On the other hand, if the sequence
(aq,...,a,) is a regular sequence at z, then the sequence above is a finite free resolution
of Og(s), where Z(s) is the zero scheme of s. Hence, the following exact sequence is
called the Koszul resolution of Oy, determined by s:

n n—1 1
O—)/\é’v—>/\SV—>---—>/\€V$OX—>OZ(5)—>O.

Example:

Consider X = P", and let Y C X be a hypersurface of degree d. Then by
definition, Y is the zero locus of a global section of Op(d), and hence determines a
morphism Op(—d) — Op (which is injective). By the fact that this is codimension
one, we have that at any point in Y we get a regular sequence, and the Koszul
resolution applied to the map gives a finite free resolution:

0—>Op(—d) %Op%@y—)o,

which is exactly the “standard” exact sequence for a divisor.
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6. FOURIER-MUKAI TRANSFORMS

The first instance of a Fourier-Mukai functor was introduced by Mukai [?] when
he applied it study the derived category of an abelian variety and its dual. Abelian
varieties are algebraic groups (Definition 2.1) which are complete, and this additional
requirement actually forces them to be abelian algebraic groups, hence the name. Over
C with the complex topology, abelian varieties are simply torii, i.e. quotients of CY by
a lattice A. The dual of an abelian variety X is another abelian variety X which acts
as a fine moduli space for degree zero line bundles on X, see the lectures by Kleiman
[13] for a modern treatment. The condition to be a fine moduli space is similar to the
representability of the Hilbert functor we discussed earlier; in particular it implies the
existence of a universal bundle P on the product X x X (sometimes called the Poincaré
bundle) whose restriction P|x e} to £ € X is precisely the line bundle on X defined
by €.

Mukai then wanted to show that D?(X) = D?(X), the key idea is to mimic the notion
of an integral transform in analysis. An integral functor between two function spaces
is roughly defined to be something of the form

K(f)(x) = / K (e.9) 1 (y) dy.

In our context, the pullback corresponds to regarding f(y) as a function of both = and
y, tensor product is the multiplication by K (x,y), and the integral is the pushforward.
In the context of abelian varieties over C the natural integral transform which arises is
the Fourier transform, hence the name. Now if X & X x X % X are the projections,
Mukai defined the functor

o L
0% (F) = Ra.(Lp"F @ P)

which maps D?(X) to D?(X). Further, Mukai proved that this gave an equivalence of
categories. As it eventually turned out, the particular case that Mukai was interested
is in some sense rare, the possible pairs of non-isomorphic varieties with equivalent
derived categories are abelian varieties, Calabi-Yau varieties, and few others.

More generally consider two varieties X and Y, and denote by X & X xY 5 Y the
projections. Now fix some object £ in D?(X x Y), called the “kernel” of the transform.
We can then define the integral functor (or integral transform) with kernel £ as the
functor

XY R
O 7 (F) =R (Lp*" F R E).
We can actually slightly simplify this, as since the projections are flat morphisms, p*
is exact, hence Lp* = p*.

X—=Y
(Pé‘

Definition 6.1. An integral transform 15 called a Fourier-Mukai transform if

it is an equivalence of categories.

Lets first tackle an example of an integral functor. As we will see, most functor that
we have considered so far are hidden examples of an integral transform, and its actually
surprisingly hard to find a functor of geometric interest that is not an example of one.
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Here we see that a suitable choice of kernel £ defines an integral functor which is the
same as the derived pushforward R f,.
Example:
Consider a proper morphism f : X — Y. Then the derived functor Rf, can be
expressed as the integral functor with kernel Or,. Indeed the graph can be realized
as the pushforward (id x f).Ox, in the diagram below.

X S X xY
>
X Y
Note that p; o (id x f) =1id and py o (id x f) = f. Then we see that

X—Y I
(I)Orf (.F) = Rpg*(p1f® R(ld X f)*Ox)
Then by the projection formula, this is equal to
L L
Rpa. (R(id x f).[L(id x f)"p1.F @ Ox]) = R(pz 0 (id x f)).([L(id x f)*p1.F © Ox])
Which is of course R f.(p1 o (id x f)*F & Ox) = Rf.(F).

As a special case of this, we see that ®X =% is isomorphic (as a functor) to the
identity functor on D°(X) if and only if £ is quasi-isomorphic to Oax.

Example:

Let Y = X, and let £ be a line bundle on X. Setting & = ¢*L, we can check
(similar to the above) that ®% X (—) = (—) ® L. Note that the tensor product is
underived as L is locally free.

It is also true that these functors are closed under composition, indeed let ®F Y

and ®X 77 be two integral transforms. If we define the convolution of two kernels to
be

L
€ x K = Rrxz.(mxy (£) @ my£(K)),
then we claim that @770 ®X 7Y = &X 2Z. We will prove this below in the equivariant
case, and the result in this context can be recovered by taking all groups to be trivial.
With all of this, it is a reasonable question to ask what kinds of functors cannot be

realized as integral transforms. The answer is surprising, and the following theorem is
due to Orlov [39].

Theorem 6.1. Let X and Y be two smooth projective varieties and F : D*(X) —
DY) be a fully faithful functor of triangulated categories which admits a left and right
adjoint. Then there exists a unique (up to isomorphism) object & of D*(X x Y) such
that F is isomorphic to the integral transform ®X Y.

More surprising, there are several generalizations of this, the strongest statements due
to Toen, Lunts and Orlov (see [33] and references therein).

Another very nice fact is that in the proper setting adjoints of integral transforms
are also integral transforms, and have a very explicit description.



72 DYLAN SPENCE

Proposition 6.1. Let X and Y be smooth projective varieties and n = dim X, m =
dimY. Then given an integral transform ®X =% the functors (I)?V_é};*wy/k[m] and @?v_ég*w)(/k[n}
are the right and left adjoints respectively.

We encourage the reader to work through the proof of this (you will need Grothendieck-
Verdier duality, which holds so long as the varieties are proper over a field). The final
result which we will reference is the reconstruction result of Bondal-Orlov (a proof in

[23])-

Theorem 6.2. Let X and Y be two smooth projective varieties. If wx is (anti) ample
and D°(X) = DY), then so is wy, and moreover X =Y.

There are several proof of this result, the original is given in [23], which explicitly con-
structs the morphism by looking at so-called “point objects” and “invertible objects”
in the derived category. The former are used to construct a homeomorphism on the
underlying spaces, and the latter to construct an isomorphism between canonical rings,
and taking the projective spectrum of both sides completes the proof.

Of course, if we instead work in equivariant derived categories, we need to be slightly
more careful. Since (to the best of my knowledge) we do not have an equivariant version
of Orlov’s characterization, we say that such an equivariant integral functor which is an
equivalence of triangulated categories is an equivariant Fourier-Mukai functor if there
exists an object in Q € DY, (Y x X) such that the quasi-inverse functor is isomorphic
to @g_’X . If X is a G-variety and Y a H-variety, then the product X x Y is naturally
a G x H-variety. So now again given the projections X & X x Y 5 Y and the
projections of the group G < G x H — H. Then given some P € D, 4(X x Y), we
can similarly define 7Y (F) using the same composition of the equivariant functors

L
Ry (Lp*(F) @ P).

As in the non-equivariant case, such functors are closed under composition, with the
composition having a kernel of the same overall form, but with the inherited equivariant
structure.

Proposition 6.2. Fquivariant integral transforms (and hence equivariant Fourier-
Mukai transforms) are closed under composition. Namely ® 77 o @Y = X 27

where
L
ng(xzfj“(ﬂ}yg ® my 4 K).
Proof. Indeed if we have G, H, K-varieties X, Y, and Z respectively, then consider the
diagram:

XxXYxZ
S E
XxY XxZ Y x Z

e >y e > s |
| >



THE DERIVED MCKAY CORRESPONDENCE IN DIMENSION 2 73

In the above diagram, the reader should be careful to note that the maps are all labeled
similarly, but no two are actually equal (so something like 7§ Ry, means to push down
one of the projections, and pull along the other). Then we find that (being very explicit
about the pushforward in particular):

L
(D77 0 @) (F) = o7/ (R (y F @ €))
L
= Ry (ny Ry (my F © €)) ® K)

L L
=Ry Ry 7 (mhey (7 F @ €)) @ K)

GxHx1 * L * L *
:R(ﬂ'zoﬂ'yz)* ((WXOT‘-XY) f@ﬂxyg)(XJTFYZIC)

GxHx1 * L * L *
:R(ﬂ'zoﬂ'xz>* ((7TXo7sz> F@Ti’xyg ®7TYZ]C)

L L
= Rrg V" (ny F @ Ry (mhy € @ w3 4, K))

L
=RrP Ny FRE*K)

_ A_X—>Z
_CI)S*IC .

Where we have used, in order, Proposition 5.6, Proposition 5.5, and Proposition 5.6
a second time. Thus we see that the convolution of the two kernels is £ x K =

IxHx1 * L *
Ry, (M€ @ w5 ,K). [ |

As before we can try to see what the identity functor is on the equivariant derived
category when the action is trivial. In the ordinary setting, the kernel was O. However
we need to tensor with something which preserves the equivariant structure. Recall that
if G acts trivially on X (and G is finite), every equivariant sheaf £ has a decomposition

into simple objects
E=xPéwp,

where the &; are ordinary sheaves, and p; the irreducible represenations of G. We claim
that tensoring with Ox ® C[G] is the identity functor on Qcoh® X. Indeed using the
decomposition above yields

£®0x ®C[G] = P& ® 0x) @ (p; @ C[G)) =&,

as since any representation is a C[G] module, tensoring with the sheaf determined by
the group algebra acts as the identity. So we see that the identity functor on D% (X)
is isomorphic to the Fourier-Mukai transform @g:&:[c;], whose proof goes in much the
same way as for the ordinary case. If G' acts nontrivially on X, then this is no longer
the correct kernel, rather something like ©Or, is the right one, but since we don’t need
this, we won’t discuss it further.

6.0.1. Geometric McKay Correspondence. As an interesting aside, recall that the Grothendieck
group of Coh X, Ky(Coh X), is the free abelian group on elements of Coh X, modulo
the relation F = F' + F”, where 0 - F' — F — F” — 0 is a short exact sequence
of coherent sheaves. Then given any complex F in D’(X), we can assign to it an
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element of Ky(Coh X) by [F] = Y_(—1)![F‘]. Such an assignment turns a Fourier-
Mukai transform ®g~Y to a K-theoretic integral transform. Indeed we simply define

L
[*[F] = [f*F] and Rf.[F] = [Rf.F], and the product as [F|[E] = [F ® £]. Mak-
ing these replacements in the definition of a Fourier-Mukai transform then yields the
following commutative diagram:

(I>X—>Y

DH(X) X Dh(Y)

[—Q lH
(@Y
Ko(X) —— Ky(Y)

Hence a Fourier-Mukai transform (that is, an equivalence) induces an isomorphism
of Grothendieck groups (but the converse is not true). We will see in the proof of
Theorem 1.1 that the equivalence is given by an equivariant Fourier-Mukai transform
when associate the two categories D?(X) and D4 (X). Hence if we generalize the above
diagram to the equivariant case, we see that

Ko(X) = K&(C?),

which is the famous result of Gonzalez-Sprinberg and Verdier in [17], and is referred
to as the Geometric McKay correspondence.

7. THE PrROOF

We begin now with the hard part, proving Theorem 1.1. The resolution cg : X =
Hilb{, C* — C?/G that we established in Theorem 3.5 comes with a universal family

Z C X x C? by the construction of the Hilbert scheme, so then we can form the
commutative square

z 2 2

WL
X — CJG

where p;, 7 are finite (hence proper), cg, ps are birational, and p; is flat. Of course,
G is acting on C? via its tautological action, and so the idea is to endow X with a
TI-action (which is trivial), which then induces a 1 x G-action on Z C X x C%. Then we
use the commutative square to define an equivariant integral transform of equivariant
derived categories. Further, we make the (slightly harmless) abuse of notation by
writing D?(X) for D} (X).

So toward this, we define two functors:

2 N L
(I)%;X :DY%(C?) — D(X), & Rp¥(p€ ® Oz),

where Oz is the pushforward of the structure sheaf of the universal family along the
inclusion ¢ : Z — X x C2. In the other direction, we define the equivariant integral
transform

L
O35 1 DY(X) = DE(C?), F e Rpl (i F ® OY),



THE DERIVED MCKAY CORRESPONDENCE IN DIMENSION 2 75
where 0% = R#om(Oz, Oxxc2) is the derived dual in DY, (X x C?).
Proposition 7.1. The two functors @gﬁ;x and @é{z@ are adjoint. That is,
Homo, (DG, (F), &) = Homo,, (F, 857 (£)).

Proof. Note that p; is proper, hence Rp;, has a right adjoint p| by Grothendieck-
Verdier duality. Then the proof goes as Proposition 6.1, noting that the canonical
sheaf is trivial. [ ]

Now if we consider the triple product X x C? x X, and denote by ZT c C? x X
the transpose of Z, and by Z15 = 7, (2), 25 = 7, (27), and in the triple product
C? x X x C? with pairwise projections p;; we set analogous notation, then we claim
the following proposition.

Proposition 7.2. (1) The composition ®5 % o @éz‘cg has the kernel
L = Rz (R #om(Oz,,, Oz1))¢ € D"(X x X).
(2) The composition @gg@ o CIDgZ_’X has the kernel''.
M = Rpis. (R Hom(Oz,,, Oz1)) € DG(C? x C?).

Proof. Note that if f is a flat morphism, then f*R ¥ om(E, F) = R om(f*E, f*F).
Now use this remark and Proposition 6.2. [ |

Since the action on X is trivial, its enough to show that L is quasi-isomorphic
to Oa,, as then the composition of the integral transforms will be isomorphic (as
functors) to the identity functor. Similarly, its enough to show M is quasi-isomorphic
to Oa_, ® C[G], where C[G] is the regular representation of G (recall from earlier what
this notation means). Now let 7 be the tautological representation of G (as G is a
finite subgroup of SL(2,C)). Now construct a Koszul resolution of the sheaf Oz, by
first resolving O for £ € X. This yields a Koszul resolution

pr€ = (P1€)** — p€] = Oz

which we denote by .
Thus we see by the equivariant projection formula:

2 " L
oG (F) = Rpll(s€ © Oz)
= (Rp1.psF) @ ) — (Rp1.psF) @ EP%) — (RprpsF) @ E)¢

is the image of F under CID((%QZ—’X(.F). Note that Rp.psF is simply T'(C?, F), as the
higher cohomology of C? vanishes. Since F is also a G-equivariant sheaf, this splits
into irreducible representations via Maschke’s theorem, and so

05, (F) = @,0(C* F)y, ® £y = Dpp, T(C, Fp, ® 51 = @, 1(C2 F),, ® 6,
where m;; is the multiplicity of p; in p; ® 7.

HUWe would like to point out a typo in the original paper of [27]. They instead have
Rp13:(R#Hom(Oz1, Oz,,)), which is not correct.
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By a completely analogous argument, we get
cpggc"’(g) =RI(X,6®E)®0c: » RI(X,G®EY) @0 — RI(X,§®EY) ® Oc2

and here O¢2 carries the equivariant structure determined by 7.
Now we see that L is quasi-isomorphic to the complex given by

v v i v
PERe, ~PE.RE - PE)RE,
P PisPj p
where X indicates the external tensor. Now the proof that this complex is quasi-
isomorphic to Op is done in [37].
All we have left is to examine M.
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